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EXERCISE 3.1 PAGE NO: 3.4

1. Determine whether the following operation define a binary operation on the given
set or not:

(i) '*' on N defined by a * b=a" foralla, b €N.

(ii) '0' on Z defined byaO b =a° foralla, b € Z.

(iii) "*' on N definedbya*b=a+b-2foralla,bEN

(iv) 'x¢' on S={1, 2, 3, 4, 5} defined by a xs b = Remainder when a b is divided by 6.
(v) ‘46 onS={0,1, 2, 3,4,5}definedbya+¢b

= a+b. ifa+b<6
a+b—6,ifa+b>6
(vi) '©' on N defined bya ® b=a+b?foralla,bEN
(vii) “*’ on Q definedbya *b=(a-1)/(b+1)foralla,b€Q

Solution:

(i) Given '*' on N defined by a * b=a"foralla, b € N.
Let a, b € N. Then,

a®€ N [~ aP#z0and a, b is positive integer]
=>a*beN

Therefore,

a*beN,Va beN

Thus, * is a binary operation on N.

(ii) Given '0' on Z definedbyaO b=a’forall a, b € Z.
Botha =3 and b =-1belong to Z.

=a* |

=1/3¢Z

Thus, * is not a binary operation on Z.

(iii) Given '"*'on N definedbya*b=a+b-2foralla,b€&N
Ifa=1andb=1,

a*b=a+b-2

=1+1-2

=0€&N

Thus, there exista=1andb=1suchthata*b &N

So, * is not a binary operation on N.
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(iv) Given 'xg' on S ={1, 2, 3, 4, 5} defined by a xg b = Remainder when a b is divided by 6.
Consider the composition table,

Xe 1 2 3 4 5
1 1 2 3 4 5
2 2 4 0 2 4
3 3 0 3 0 3
4 4 2 0 4 2
5 5 4 3 2 il

Here all the elements of the table are not in S.

= Fora=2andb =3,

a Xg b =2 x5 3 =remainder when 6 divided by 6 =0#S

Thus, % is not a binary operation on S.

(v) Given ‘46’ on S={0, 1, 2, 3,4, 5} defined by a +¢ b

— a+b, ifa+b<6

a+b—6,ifa+b>6

Consider the composition table,
+6 0 1 2 3 4 5
0 0 1 2 3 4 5
1 ql 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

Here all the elements of the table are not in S.
= Fora=2andb =3,
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a xg b =2 x5 3 =remainder when 6 divided by 6 =0 #
Thus, xg is not a binary operation on S.

(vi) Given '®' on N defined by a ® b=a°+b?foralla,b €N
Let a, b € N. Then,

a® b’eN

= a’+b?E€N [~Addition is binary operation on N]
>a@GObeN

Thus, © is a binary operation on N.

(vii) Given “*” on Q definedbya*b=(a—-1)/(b+1)foralla,beQ
Ifa=2andb=-1inQ,

a*b=(a-1)/(b+1)

={2=1)/ (- 1+ 1}

= 1/0 [which is not defined]

Fora=2andb=-1

a * b does not belongs to Q

So, * is not a binary operation in Q.

2. Determine whether or not the definition of * given below gives a binary operation.
In the event that * is not a binary operation give justification of this.

(i) On Z*, defined *bya*b=a-b

(ii) On Z*, define * by a*b = ab

(iii) On R, define * by a*b = ab?

(iv) On Z* define *bya *b = |a-b|

(v) OnZ*define *bya*b=a

(vi) On R, define * by a * b = a + 4b?

Here, Z' denotes the set of all non-negative integers.

Solution:

(i) Given On Z', defined *bya *b=a-b
Ifa=1andb=2inZ then

a*b=a-b

=1-2

=-1 & Z* [because Z* is the set of non-negative integers]
Fora=l1landb=2,

a*bgZ
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Thus, * is not a binary operation on Z*.

(i) Given Z*, define * by a*b=ab
Leta, b€ Z*

=abez

=>a*beZ

Thus, * is a binary operation on R.

(iii) Given on R, define by a*b = ab?
Leta,b €R

= a,b’€eR

= ab’€R

=>a*beR

Thus, * is a binary operation on R.

(iv) Given on Z* define *bya*b = |a-Db|
Leta, b€zt

= |a-b|€Z

>a*bez

Therefore,

a*bezZ,VabeZ'

Thus, * is a binary operation on Z*.

(v) Given on Z*define *bya *b=a
Leta, b €Z*

=a€EZ

=>a*bc@
Therefore,a*b€Z*Va,bezZ*
Thus, * is a binary operation on Z*.

(vi) Given On R, define * by a * b = a + 4b?
Leta,b ER

= a,4b’€R

=a+4b’€R

=>a*beER

Therefore,a*b €R,Va,b€ER

Thus, * is a binary operation on R.
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3. Let * be a binary operation on the set | of integers, defined by a * b=2a + b - 3. Find
the value of 3 * 4.

Solution:
Givena*b=2a+b-3
3*¥4=2(3)+4-3
=6+4-3

=7

4.1s * defined on the set {1, 2, 3,4, 5} by a * b =LCM of a and b a binary operation?
Justify your answer.

Solution:
LCM 1 2 3 4 5
il ) 2 3 4 5
2 2 2 6 4 10
3 3 5 3 12 15
4 4 4 12 4 20
5 5 10 15 20 5

In the given composition table, all the elements are not in the set {1, 2, 3, 4, 5}.
If we considera=2andb=3,a*b=LCMofaandb=6¢&({1, 2, 3, 4, 5}.
Thus, * is not a binary operation on {1, 2, 3, 4, 5}.

5.Let S = {a, b, c}. Find the total number of binary operations on S.

Solution:

Number of binary operations on a set with n elements is 1"
Here, S={a, b, c}

Number of elementsinS=3

Number of binary operations on a set with 3 elements is 3
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EXERCISE 3.2 PAGE NO: 3.12

1. Let '*' be a binary operation on N defined by a * b=1.c.m. (a, b) foralla,beN
() Find2* 4,3 *5,1 *6.
(ii) Check the commutativity and associativity of '*' on N.

Solution:
(i) Givena *b =1.c.m. (a, b)
2 %4 =l.e.m. (2, 8)

=4

3= 5§ = |;6M= (3. 5)
=15
1*6=lLem.(1,6)
=6

(ii) We have to prove commutativity of *
Leta,b €N

a*b=1lcm(a, b)

=l.c.m (b, a)

=b*a

Therefore

a*b=b*aVab€EN

Thus * is commutative on N.

Now we have to prove associativity of *
Leta,b,cEN

a*(b¥cka*Nam. (bNG)

= [.c.m. (243h¢))

=l.c.m(a, b, c)

(agab) *@= |.c.an¥(a, b) * c

E l.cm. ((3,'B% C)

=l.c.m. (a, b, c)

Therefore

(@*(b*c)=(a*b)*c, Va,b,ceN
Thus, * is associative on N.

2. Determine which of the following binary operation is associative and which is
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commutative:
(i) * on N definedbya*b=1foralla,b €N
(ii) * on Q defined bya *b =(a+ b)/2foralla,b € Q

Solution:

(i) We have to prove commutativity of *
Leta,bEN

a*b=1

b*a=1

Therefore,

a*b=b*a, foralla,beN

Thus * is commutative on N.

Now we have to prove associativity of *
Leta,b,cEN

Thena*(b*c)=a*(1)

=1

(@*b)*c=(1)*c

=1

Thereforea * (b *c)=(a * b) *cforalla,b,c €N
Thus, * is associative on N.

(i) First we have to prove commutativity of *
Leta,bEN

a*b=(a+b)/2

= (b +a)/2

=b*a

Therefore,a*b=b*a,Va, bEN
Thus * is commutative on N.

Now we have to prove associativity of *
Leta,b,cE€N

Q@ *¢g)=a" (b+c)/2
=[a+(b+c)]/2

=(2a+b+c)/4

Now, (a*b)*c=(a+b)/2 *c
=[(a+b)/2+c] /2

=(a+b+2c)/4
Thus;a®(b*e)=(@*b)*e
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Ifa=1,b=2,c=3
1*(2*3)=1*(2+3)/2
1*(5/2)

[1+(5/2)]/2

=7/4

(1¥2)*3=(1+2)/2%3
=8/2%3

=[(3/2) +3]/2

=4/9

Therefore, there exista=1,b=2,c=3 € Nsuchthata*(b*c)z(a*b)*c
Thus, * is not associative on N.

3. Let A be any set containing more than one element. Let '*' be a binary operation
on Adefined bya *b=Db foralla, b € Als '*' commutative or associative on A?

Solution:

Leta,b €A

Then,a*b=>b

b*a=a

Thereforea *b#b *a

Thus, * is not commutative on A
Now we have to check associativity:

Leta,b,c€A
a*(b*c)=a*¢
=C

Therefore

a * (b *Qh= (aA4h) * c, Qasb, GEH
Thus, * is associative on A

4. Check the commutativity and associativity of each of the following binary
operations:

(i) '"*"onZ definedbya*b=a+b+abforalla,bez

(i) “*’ on N defined by a * b=2%foralla,bEN

(iii) “* on Q definedbya*b=a-bforalla,b€Q

(iv) ‘©O’on Q definedbya O b=a2+b%foralla,b€eQ

(v) ‘o’ on Q defined by ao b = (ab/2) foralla,b € Q

(vi) “*’ on Q defined by a * b =ab? foralla,b € Q
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(vii) “*” on Q definedbya*b=a+abforalla,beQ
(viii) “*” on Rdefinedbya*b=a+b-7foralla,b€R
(ix) “*’ on Q defined bya * b=(a—b)*foralla,b€Q
(x) “*” on Qdefinedbya*b=ab+1foralla,beQ
(xi) “*” on N defined bya *b =a"foralla,bEN

(xii) “*” on Z definedbya*b=a-bforalla,beZ

(xiii) “*” on Q defined by a * b = (ab/4) for alla, b € Q
(xiv) ‘*” onZ definedbya *b=a+b-abforalla,bez
(xv) “*” on Q defined by a * b=gcd (a, b) foralla,b € Q

Solution:

(i) First we have to check commutativity of *
Leta,b€eZ

Thena*b=a+b+ab

=b+a+ba

=b*a

Therefore,

a*b=b*a,Va,bezZ

Now we have to prove associativity of *
Leta, b, c €Z, Then,
a*(b*c)=a*(b+c+bc)
=a+(b+c+bc)+a(b+c+bc)
=a+b+c+bc+ab+ac+abc
(@a*b)*c=(a+b+ab)*c
=a+b+ab+c+(a+b+ab)c
=a+b+ab+c+ac+bc+abc
Therefore,
a*(b*£)=Yakb)"€PVa,b,ce’
Thus, * is associative on Z.

(i) First we have to check commutativity of *
Leta,bEN

a T

= Qba

=b*a

Therefore,a*b=b*a,Va,beN

Thus, * is commutative on N
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Now we have to check associativity of *
Leta,b,cE€N

Then,a* (b * ¢} =a * {2")

= ‘)”*BM

(& * b) * p=(22") * ¢

- zzrtn‘l‘

Therefore,a* (b *c)#(a*b) *c

Thus, * is not associative on N

(iii) First we have to check commutativity of *
Leta, b € Q, then

a*b=a-b

b*a=b-a

Therefore,a*b #b *a

Thus, * is not commutative on Q

Now we have to check associativity of *
Let a, b, c € Q, then
a*(b*c)=a*(b-c)

=a—(b-0¢)

=a—-b+c

(@*b)*c=(a=b)*c

=a—-b-c

Therefore,

a*¥(b*c)2(a*b)*ec

Thus, * is not associative on Q

(iv) First we have to check commutativity of ©
Leta, b € Q, then

a®b=a%+b?

=b?+a?

=b ©a

Therefore,a®O b=b®a,Va beQ

Thus, ® on Q

Now we have to check associativity of O

Let a, b, c € Q, then

a®ObOc)=a® (b*+c?)

- az + (bz + CZ)Z
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=a?+ b* + c* + 2b%¢?
(@Ob)Oc=(@%+b’)Oc
- (az + b2)2 i CZ
=a*+b*+2a%bh? + 2
Therefore,
(@Ob)Ocza®(bOrc)

Thus, ® is not associative on Q.

(v) First we have to check commutativity of o
Leta, b € Q, then

aob=(ab/2)

=(ba/2)

=boa

Therefore,aob=boa,Va,beQ

Thus, o is commutative on Q

Now we have to check associativity of o

Let a, b, c € Q, then

ao(boc)=ao(bc/2)

=[a (b c/2)]/2

=[a (b c/2)]/2

=(abc)/4

(@aob)oc=(ab/2)oc

= [(ab/2) c] /2

=(abc)/4
Thereforeao(boc)=(aob)oc, Va, b,ceQ
Thus, o is associative on Q.

(vi) First we have to check commutativity of *
Let a, b € Q, then

a*b=ab?

b™*a = ba?

Therefore,

aGhzdV* a

Thus, * is not commutative on Q

Now we have to check associativity of *
Leta, b, c € Q, then

a*(b*g)=a* (be?
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=@ (be)

=gh? e

(a*b)*c={(ab®) *c

= ab?c?

Thereforea *(b*c)#(a*b) *c
Thus, * is not associative on Q.

(vii) First we have to check commutativity of *
Let a, b € Q, then

a*b=a+ab

b*a=b+ba

=b+ab

Therefore,a*b#b *a

Thus, * is not commutative on Q.

Now we have to prove associativity on Q.
Let a, b, c € Q, then
a*(b*e)=a*(b+bg)

=a+a(b+bc)

=a+ab+abc

(@*b)*c=(a+ab)*c
=(a+ab)+(a+ab)c
=a+ab+ac+abc

Thereforea *(b*c)#(a*b) *c

Thus, * is not associative on Q.

(viii) First we have to check commutativity of *
Let a, b €R, then

a*b=a+b-7

=b+a-7

=b*a

Therefore,

a*b=b*a,foralla,b€eER

Thus, * is commutative on R

Now we have to prove associativity of * on R.
Let a, b, c ER, then

a*(b*c)=a*(b+c-7)

=a+b+c-7-7
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=a+b+c-14
(@a*b)*c=(a+b-7)*c
=a+b-7+c-7

=a+b+c-14

Therefore,

a*(b*c)=(a*b)*c foralla,b,ceR
Thus, * is associative on R.

(ix) First we have to check commutativity of *
Leta, b € Q, then

a*b=(a—b)?

= (b—a)?

=b*a

Therefore,

a*b=b*a,foralla,beqQ

Thus, * is commutative on Q

Now we have to prove associativity of * on Q
Let a, b, c € Q, then

a * (b * c)=a™* (h—¢c)?

=a*(b?+c?-2bc)

=(a—b%—=c?+ 2bc)?

(a*b)*e=(a—b]**c

=(a’+b%?-2ab) * ¢

=(a?+b%?-2ab-c)?

Therefore,a* (b *c)#(a*b) *c

Thus, * is not associative on Q.

(x) First we have to check commutativity of *
Leta, b € Q, then

a*b=ab+1

=ba+1

=b*a

Therefore

a*b=b*a,foralla,beQ

Thus, * is commutative on Q

Now we have to prove associativity of * on Q
Let a, b, c € Q, then
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a*(b*c)=a*(bc+1)
=a(bc+1)+1

=abc+a+1l
(@a*b)*c=(ab+1)*c
=(ab+1)c+1

=abc+c+1

Therefore,a* (b *c)#(a*b) *c
Thus, * is not associative on Q.

(xi) First we have to check commutativity of *
Let a, b €N, then

a*h=aP

b*a=b?

Therefore,a*b #b *a

Thus, * is not commutative on N.

Now we have to check associativity of *
a*(b*c)=a* (b9

= “f.l‘

(a*b)*c=(a")* ¢

= (ab)c

= abc

Therefore,a* (b *c)#(a*b)*c

Thus, * is not associative on N

(xii) First we have to check commutativity of *
Let a, b € Z, then

a*b=a-b

b*a=b-a

Therefore,

a*bzb*a

Thus, * is not commutative on Z.

Now we have to check associativity of *
Leta, b, c € Z, then
a*(b*c)=a*(b-c)

=a—-(b-0)

=a—(b+c¢)

(@a*b)*c=(a—-b)-c
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=a—-b-c
Therefore,a* (b *c)#(a*b) *c
Thus, * is not associative on Z

(xiii) First we have to check commutativity of *
Leta, b € Q, then

a*b=(ab/4)

= (ba/4)

=h*a

Therefore,a*b=b * 3, foralla,b€eQ
Thus, * is commutative on Q

Now we have to check associativity of *
Let a, b, c € Q, then
a*(b*c)=a*(bc/4)

=[a (b c/4)]/4

=(a b c/16)

(@a*b)*c=(ab/4) *c

= [(ab/4) c]/4

=abc/16

Therefore,

a*(b*c)=(a*b)*c foralla, b, ¢€ Q
Thus, * is associative on Q.

(xiv) First we have to check commutativity of *
Leta, b € Z, then

a*b=a+b-ab

=b+a-ba

=b*a

Therefore,a*b=b * 3, foralla,b€Z
Thus, * is commutative on Z.

Now we have to check associativity of *
Leta,b,c€Z
a*(b*c)=a*(b+c—-bc)
=a+b+c-bc—ab—-ac+abc
(@a*b)*c=(a+b—-ab)c
=a+b—-ab+c—-(a+b-ab)c
=a+b+c—ab—-ac—-bc+abc
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Therefore,
a*(b*c)=(@a*b)*c foralla,b,ceZ
Thus, * is associative on Z.

(xv) First we have to check commutativity of *
Let a, b €N, then

a*b=gcd(a,b)

=gcd (b, a)

=b*a

Therefore,a*b=b *a, foralla,b €N

Thus, * is commutative on N.

Now we have to check associativity of *

Leta,b,cE€N
a*(b*c)=a*[gcd(a, b)]
=gcd (a, b, )

(@a*b)*c=[ged(a, b)] *c

=gcd (a, b, €)

Therefore,

a*(b*c)=(a*b)*c foralla,b,c€N
Thus, * is associative on N.

5. If the binary operation o is defined by aOb = a + b — ab on the set Q — {-1} of all
rational numbers other than 1, show that o is commutative on Q - [1].

Solution:
Leta, b € Q—{-1}.
Thenaob=a+b—-ab

=b+a—ba
=boa
Therefore,

aob =boaforalla,be Q-{-1}
Thus, o is commutative on Q — {-1}

6. Show that the binary operation * on Z defined by a * b = 3a + 7b is not
commutative?

Solution:
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Leta,b€Z
a*b=3a+7b
b*a=3b+7a

Thus,a*b#b*a

leta=1landb=2

1*2=3x1+7%2

=3+14

=17

2*%¥1=3x247x1

=6+7

=13

Therefore, thereexista=1,b=2 € Zsuchthata*b#b *a
Thus, * is not commutative on Z.

7. On the set Z of integers a binary operation * is definedbya8b=ab+1foralla,b €
Z. Prove that * is not associative on Z.

Solution:

Leta,b,ceZ
a*(b*c)=a*(bc+1)
=a(bc+1)+1

=abc+a+1

(a * b) * C@(ab+ WAt ¢
=(ab+1)c+1

=abc+c+1
Thagea Wt c¥*(a*b) *c
Thus, * is not associative on Z.
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EXERCISE 3.3 PAGE NO: 3.156

1. Find the identity element in the set I* of all positive integers definedbya *b=a+b
foralla,b €I'.

Solution:

Let e be the identity element in I* with respect to * such that
a*e=a=e*a, Vac€el

a*e=aande*a=3a,Va€el
a+te=aande+a=a,Va€el"

e=0,Vael

Thus, 0 is the identity element in I* with respect to *.

2. Find the identity element in the set of all rational numbers except — 1 with respect
to * definedbya*b=a+b+ab

Solution:

Let e be the identity element in I" with respect to * such that
a*e=a=e*a, VaeQ-{1}
a*e=zaande*a=a,VaeQ-{1}
a+te+ae=aande+a+ea=a, VaeQ-{1}
e+ae=0ande+ea=0,VaeQ-{1}
e(l+a)=0ande(l1+a)=0,VaeQ-{1}
e=0,Va€eQ-{-1}[because a not equal to -1]

Thus, 0 is the identity element in Q — {-1} with respect to *.
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EXERCISE 3.4 PAGE NO: 3.25

1. Let * be a binary operation on Z definedbya*b=a+b-4foralla,b € Z.
(i) Show that * is both commutative and associative.

(ii) Find the identity element in Z

(iii) Find the invertible element in Z.

Solution:

(i) First we have to prove commutativity of *
Let a, b € Z. then,

a*b=a+b-4

=b+a-4

=b*a

Therefore,

a*b=b*a,Va,bezZ

Thus, * is commutative on Z.

Now we have to prove associativity of Z.
Let a, b, c € Z. then,
a*(b*c)=a*(b+c-4)

=a+b+c-4-4
=a+b+c-8
(@a*b)*c=(a+b—-4)*c
=a+b-4+c-4
=a+b+c-8
Therefore,

a*(b*g)=(a*b)*cNerallalb, ¢ Z
Thus, * is associative on Z.

(i) Let e be the identity element in Z with respect to * such that
a*e=za=e*aVaez

a*e=aande*a=a,Va€eZ
ate—4=aande+a-4=a,Va€lZ

e=4,VaeZ

Thus, 4 is the identity element in Z with respect to *.

(iii) Let a € Zand b € Z be the inverse of a. Then,
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a*b=e=b*a
a*b=eandb*a=e
a+b-4=4andb+a-4=4
b=8-a€Z

Thus, 8 —ais the inverse of a € Z

2. Let * be a binary operation on Qo (set of non-zero rational numbers) defined by a * b
= (3ab/5) for all a, b € Qo. Show that * is commutative as well as associative. Also, find
its identity element, if it exists.

Solution:

First we have to prove commutativity of *

Leta, b €Qq

a * b =(3ab/5)

= (3ba/5)

=b*a

Therefore,a *b=b * a, foralla, b € Qg

Now we have to prove associativity of *

Leta, b, c € Qo

a® (b *c)=a* (3bc/5)

=[a (3 bc/5)] /5

=3 abc/25

(a*b)*c=(3ab/5)¥¢

=[(3ab/5)c]/5

=3 abc /25

Thereforea * (b *c)=(a*b) *c, foralla, b, c € Qo
Thus * is associative on Qg

Now we have to find the identity element

Let e be the identity element in Z with respect to * such that
a*e=za=e*aVaeQ
a*e=aande*a=a,Va€eQ
3ae/5=aand3ea/5=a,Va€EQ

e=5/3V a € Q[because a is not equal to 0]

Thus, 5/3 is the identity element in Qg with respect to *.

3. Let * be a binary operation on Q- {-1} definedbya*b=a+b+abforalla,b€e Q-
{-1}. Then,
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(i) Show that * is both commutative and associative on Q — {-1}

(ii) Find the identity element in Q — {-1}

(iii) Show that every element of Q — {-1} is invertible. Also, find inverse of an arbitrary
element.

Solution:

(i) First we have to check commutativity of *
Leta,beQ—-{-1}

Thena*b=a+b+ab

=b+a+ba

=b*a

Therefore,

a*b=b*a, Va be Q-{-1}

Now we have to prove associativity of *
Let a, b, c € Q—{-1}, Then,
a*(b*c)=a*(b+c+bc)
=a+(b+c+bc)+a(b+c+bc)
=a+b+c+bc+ab+ac+abc
(@*b)*c=(a+b+ab)*c
=a+b+ab+c+(a+b+ab)c
=a+b+ab+c+ac+bc+abc
Therefore,
a*(b*c)=(a*b)*c,Va, b ceQ-{-1}
Thus, * is associative on Q — {-1}.

(ii) Let e be the identity element in I" with respect to * such that
a*e=za=e*a,VaeQ-{1}

a*e=zaande*a=a, VaeQ-{-1}
a+te+ae=aande+a+ea=a, VaeQ-{1}
e+ae=0ande+ea=0,VaeQ-{-1}
e(l+a)=0ande(1+a)=0,VaeQ-{1}

e =0,V a€Q-{1}[because a not equal to -1]

Thus, 0 is the identity element in Q — {-1} with respect to *.

(iii) Leta € Q—{-1} and b € Q — {-1} be the inverse of a. Then,
a*b=ze=b*a
a*b=eandb*a=e
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a+b+ab=0andb+a+ba=0
b(l1+a)=-aQ-{-1}

b =-a/1+aQ-{-1} [because a not equal to -1]
Thus, -a/1 + a is the inverse of a € Q — {-1}

4. Let A = Ro x R, where Ry denote the set of all non-zero real numbers. A binary
operation '0' is defined on A as follows: (a, b) O (c, d) = (ac, bc + d) for all (a, b), (c, d)
€ Ro x R.

(i) Show that '0' is commutative and associative on A

(ii) Find the identity element in A

(iii) Find the invertible element in A.

Solution:

(i) LetX=(a,b)andY=(c,d)EA,Va,cERy andb,d ER
Then, XOY = (ac, bc + d)

AndY O X =(ca, da +b)

Therefore,

XO0Y=YOX, VX, YEA

Thus, O commutative on A.

Now we have to check associativity of O
LetX=(a,b),Y=(c,d)andZ= (e, f),Va,c,eERy, andb,d,fER
XO(YOZ)=(a, b) O (ce, de +f)

= (ace, bce + de +f)

(XOY)OZ=(ac,bc+d)O (e f)

= (ace, (bc+ d) e +f)

= (ace, bce + de +f)

Therefore, XO(YOZ)=(XOY)OZ VX Y,ZEA

(ii) Let E = (x, y) be the identity element in A with respectto O, VxE€ Ry andy € R
Such that,

XOE=X=EOX,VXEA

XOE=Xand EOX =X

(ax, bx +y) = (a, b) and (xa, ya + b) = (a, b)

Considering (ax, bx +y) =(a, b)

ax=a

x=1

Andbx+y=b
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y =0 [since x = 1]

Considering (xa, ya + b) = (a, b)

Xa=a

x=1

Andya+b=Db

y =0 [since x = 1]

Therefore (1, 0) is the identity element in A with respect to O.

(iii) Let F = (m, n) be the inverse inAY m € Ry andn ER
XOF=EandFOX=E

(am, bm+n) =(1, 0) and (ma, na+b)=(1, 0)
Considering (am, bm +n) =(1, 0)

am=1

m = 1/a

Andbm+n=0

n =-b/a [since m = 1/a]

Considering (ma, na +b) =(1, 0)

ma=1

m=1/a

Andna+b=0

n=-b/a

Therefore the inverse of (a, b) € A with respect to O is (1/a, -1/a)
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EXERCISE 3.5 PAGE NO: 3.33

1. Construct the composition table for x; on set S ={0, 1, 2, 3}.

Solution:

Given that x, onsetS={0, 1, 2, 3}

Here,

1 x4 1 =remainder obtained by dividing 1 x 1 by 4

=1

0 x4 1 = remainder obtained by dividing 0 x 1 by 4

=0

2 %4 3 = remainder obtained by dividing 2 x 3 by 4

=2

3 x4 3 = remainder obtained by dividing 3 x 3 by 4

=1

So, the composition table is as follows:
X4 0 1 2 3
0 0 0 0 0
1 0 ik 2 3
2 0 2 2 2
3 0 <) 2 1

2. Construct the composition table for +s on set S = {0, 1, 2, 3, 4}

Solution:

1 +51 = remainder obtained by dividing 1 + 1 by 5

=2

3 +s1 = remainder obtained by dividing3+ 1 by 5

=2

4 +51 = remainder obtained by dividing4 + 1 by 5

=3

So, the composition table is as follows:
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5 0 1 2 3 4
0 0 1 2 a 4
1 1 2 3 4 0
2 2 3 4 0 1.
3 3 4 0 1 P
4 4 0 1 2 3

3. Construct the composition table for xs onset S ={0, 1, 2, 3, 4, 5}.

Solution:

Here,

1 %61 = remainder obtained by dividing 1 x 1 by 6
=1

3 x¢4 = remainder obtained by dividing 3 x 4 by 6
=0

4 x¢5 = remainder obtained by dividing4 x5 by 6
=2

So, the composition table is as follows:

Xg 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
4 0 4 2 0 4 2
5 0 5 4 3 2 1
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4. Construct the composition table for xs on set Z5s = {0, 1, 2, 3, 4}

Solution:

Here,

1 x5 1 = remainder obtained by dividing 1 x 1 by 5

=1

3 xs54 = remainder obtained by dividing 3 x4 by 5

=2

4 x54 = remainder obtained by dividing 4 x 4 by 5

=1

So, the composition table is as follows:
Xs 0 1 2 3 4
0 0 0 0 0 0
il 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

5. For the binary operation xjpset S = {1, 3, 7, 9}, find the inverse of 3.

Solution:

Here,

1 %301 = remainder obtained by dividing 1 x 1 by 10
=1

3 x307 = remainder obtained by dividing 3 x 7 by 10
=1

7 X109 = remainder obtained by dividing 7 x 9 by 10
=3

So, the composition table is as follows:
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X10 1 3 7 9
1 1 3 7 9
3 3 9 1 ¥
F 4 1 9 3
9 2 7 3 1

From the table we can observe that elements of first row as same as the top-most row.
So, 1 € Sis the identity element with respect to xio

Now we have to find inverse of 3

3 X109 7 = 1

So the inverse of 3 is 7.



