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EXERCISE 16.1 PAGE NO: 16.10

1. Find the Slopes of the tangent and the normal to the following curves at the
indicated points:

()y= Vx3atx =4
Solution:

Giveny=‘/§atx=4

dy
First, we have to find dx of given function, f(x) that is to find the derivative of f

(x)
y:\/)F

1
.-.'{/§ — XH

o =
=»y=F)

2
=y= (X)::

. dy

o E(xn) =T xn-l

&
We know that the Slope of the tangent is dx
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d 3
= (—y) ~ X2
dx x=4=2

ol R

The Slope of the tangentatx=4is 3
-1
= The Slope of the normal = The Slope of the tangent

-1
s
= The Slope of the normal = ‘dx

-1
= The Slope of the normal = 2

(ii)y=vxatx=9
Solution:

Giveny=\/§atx=9

dy
First, we have to find dx of given function, f(x) that is to find the derivative of

f(x)
DY= VX

1
% = XE

=~v=(")é

Vi
T ax(x") =nx"?

dy
The Slope of the tangent is dx

=v=@ﬁ
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-1
e X 2
dx 2( )
L 1( )_1
= —{X) 2
dx i
Since,x=9
’dy) ; (O
(Z) (9=
dx x=9:2
- 1>< 1
Y > 1
= (_\) _° (92
x/,_g=
S (2) ik
dx x=9=2 \“6
(dy) 1 1
= (= - X =
dx X=9=2 3
‘dy 1
ol = -
X X=9:b

1
The Slope of the tangentatx=9is ¢

—1
= The Slope of the normal = The Slope of the tangent

-
(—y}x= 9
= The Slope of the normal = ‘dx/

|
Ir—|H

0

= The Slope of the normal =
= The Slope of the normal =—6

(iii)y=x®-xatx=2

Solution:

ﬂ'
First, we have to find dx of given function f(x) that is to find the derivative of
f(x)



www.edugrooss.com

EDUGROSS

WISDOMISING KNOWLEDGE

RD Sharma Solutions for Class 12 Maths Chapter 16
Tangents and Normals

. 9y
. dx(x“} =nx"1

EX
The Slope of the tangent is dx
=y=x—X

dy dy dy

T A T axx) +3” ax(x)

iy
T ax=3x3"1-1x"0
gy OF
dx=3x*—1
Since, x =2
dy
(dx)x=2—_-3><(2)2—1
dy
- (dx)x=2'(3x4)_1
dy
= x)x=2=12—1
dy
> x)x=2=11

“The Slope of the tangentatx =2is 11
-1

= The Slope of the normal = The Slope of the tangent

4
@)

= The Slope of the normal =
|
= The Slope of the normal = 11

(iv)y=2x>+3sinxatx=0

Solution:
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Giveny = 2x* + 3sinx at x =0

dy
First, we have to find dx of given function f(x) that is to find the derivative of
f(x)
. dy

7 ax(x") =n x"1

dy
The Slope of the tangent is dx

=y = 2x* + 3sinx

s BB
dx = 2 dy/dx (x?) + 3 dy/dx (sin x)

dy
dx =2 (2x>~1) + 3 (cos x)

d
" dx (Sin x) = cos X

dy
dx = 4x + 3Ccosx

Since, x =2

= (%)uo =4 (0) + 3 cos (0)

We know cos (0) =1

= (2‘_3:):=0 =0+3(1)
SO\

“The Slope of the tangent at x=0s 3
-1
= The Slope of the normal = The Slope of the tangent

= The Slope of the normal =
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e
= The Slope of the normal = 3

(v)x=a(06-sinB),y=a(l+cosB)atO=-n/2

Solution:

Givenx=a(0-sinB),y=a(l+cosB)atB=-mt/2

dy
dy EF = 3 dy
Here, to finddx, we have to find 48 & d8 and divide 4@ and we get our desireddx
s

” dx(x") =n x"’l

=x=a(B-sinBb)

= &=
= d@ = 3 {d8(0) — d8(sin 0)}
dx

:E:a(l—cose) W
d

" dx (Sin x) = cos x

=y=a(l+cosB)

dy dx dx

— d8 = 3 [d8(1) + d8(cos B)]

& | o

(Cos x) =—sinx
. d

" dx (Constant) =0

= d8 =3 (0 + (—sin 0))

= d8 = a (—sin 6)
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=d8=—3sin0...(2)

dy :
dy T —asin @
Yog o e
dx — a(l-cos 6)
a8 . :
dy  —sin®
= dx - (1—cos 8)

—sin 8
The Slope of the tangent is (1—¢os ©)

1 ¢

Since, 2

. .
(dy) . —sin —
dx/g="T (1-cos—)

We know Cos (m /2)=0andsin(m/2)=1

(g) _. ==l
dx/g="" = (1-(-0))

—

= 2
i = 5
dx/g="" "~ (1-0)

= 2
()
dxdg——"

— | 2 = 1

119

“The Slope of the tangent atx= 2 is 1
-1
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= The Slope of the normal = The Slope of the tangent

= The Slope of the normal = “¢==

ot |

= The Slope of the normal = 1

= The Slope of the normal=-1
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(vijx=acos*0,y=asin*0at0=n/4

Solution:
Givenx=acos’°B,y=asin®0atB=mn/4

Q
dy iy &= £ dy
Here, to finddx, we have to find 48 & d8 and divide a8 and we getdx.

.. 4
- dx(x") =nx"1
= x =acos’ 0
dx  dx
= db = 3 (d8(cos° B))
g B
dx (Cos x) =—sin X
dx
= d6 =3 (3cos® '@ x—sin B)
dx
= d8 = 3 (3cos? B x —sin 0)

dx

= d8 = — 3acos” B sin O... (1)

=y=asin’ B
dy /ey

= d6 = g (d8(sin> ))
:

" 3 (Sin x) = cos x

dy

=d8 =3 (3sin®>"1 0 cos B)
dy

= d8 = 3 (3sin” B cos O)

dy
=d8 =3 asin’0 cos 0... (2)
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dy =a —3acos®Bsin 8
dx == 3asin“BcosH
= de
dy  —cos®
= dx ~ sin®
dy

The Slope of the tangent is—tan 8

Since, 8 =1 /4
dy

. (dx)e=§=_tan (. /4)
d

_ (§)9=§=_1

We know tan (t /4) = 1

The Slope of the tangentatx=mn/4is—1
=1
= The Slope of the normal = The Slope of the tangent

-1
(ax)o
= The Slope of the normal = =

=1

= The Slope of the normal = -1

= The Slope of the normal = 1
(viijx=a(0-sinB),y=a(l-cosB)atO=mn/2

Solution:
Givenx=a(0-sinB),y=a(l-cosB)atb=m/2
dy
a4y o & dy
Here, to finddx, we have to find 46 & d8 and divide d& and we getdx,
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. dy
’ dx(x”) =n )(”'l

=xXx=a(B6—-sinB)

dx ox ax

= d6 = 3 {d8(B) — d8(sin B)}
dx

= d8 =3 (1-cos0)...(1)
d

" % (Sin x) = cos X

=vy=a(l-cosb)

dy ~ dx  dx
= d8 = 3 (d8(1) —d8(cos B))
d

" 4% (Cos X) = — sin x
L4
" dx (Constant) =0
dy
=db =3 (08— (—sinB))

dy
=do=3sin0...(2)

dv g
dy '{9‘ __ asin®
i = a(l-cos 0)
de i
dy  -—sin®
= dx "~ (1-cos 6)

—sin B

The Slope of the tangent is (1=¢°s 8

(S|

Since,
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We know cos ( /2) =0andsin (t /2) =1

(d_y) _
dx/g==_ (1-(-0))

=
@,z -
dx/g=" = (1-0)
= z
=)
dx/g="
= i z=1
x
The Slope of the tangentatx=2is1

=i
= The S|0pe of the normal = The Slope of the tangent

-1

ale o JE

= The Slope of the normal= """z
4
= The Slope of the normal = 1

= The Slope of the normal =—-1

(viii) y = (sin 2x + cot x + 2)?at x =1t /2

Solution:
Giveny = (sin 2x + cotx + 2)?atx =1 /2

g
First, we have to find dx of given function f(x) that is to find the derivative of
f(x)
. Gy

T ax(x") = nx"!

dy
The Slope of the tangent is dx

=y = (sin2x + cot x + 2)?
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dy {dy dy dy

dx = 2 X (sin 2x + cot x + 2)2~ 14ax(sin 2x) + dx(cot x) + dx(2)}

dy
dx = 2(sin 2x + cot x + 2) {(cos 2x) x 2 + (— cosec’x) + (0)}

d
" dx (Sin x) = cos X

d
" dx (Cot x) = — cosecx

dy
= dx = 2(sin 2x + cot X + 2) (2 cos 2x — cosec?x)

Since, x =1 /2

=)
dx/g="

=2 % (sin 2 (1t /2) + cot (1t /2) + 2) (2 cos 2 (it /2) — cosec? (11 /2))
=2 % (sin (r) + cot (m /2) + 2) x (2cos (11) — cosec? (1t /2))

=2x(0+0+2)x(2(-1)-1)
We know sin (rt) =0, cos (m) =—1
Cot (n/2) =0, cosec (n/2)=1

(d‘() _"'-
e_—
2 =

2(2)x(-2-1)

11

The Slope of the tangent at x = 2 is — 12

-1
= The Slope of the normal = The Slope of the tangent
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~1
&)

dx/g =

SIE]

= The Slope of the normal =
.
= The Slope of the normal = -12

1 |
= The Slope of the normal = 12

(ix) x*+3y+y?=5at(1,1)

Solution:
Givenx*+3y+y?=5at(1,1)
Here we have to differentiate the above equation with respect to x.

d d
= dx(x2 + 3y +y?) = dx(5)

4 4 4 a4
= dx (x?) + dx (3y) + dx (y?) = dx (5)

= 2x+3xdx+2yX dx=0

dy
= 2x+ dx(3+2y)=0

dy
= dx(3 + 2y) =— 2x

dy | —2x
P dx (3 +2y)

The Slope of the tangent at (1, 1) is

dy = —-2x1
dx (3 +2x1)
dy -2

— dx  (3+2)
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dy
= dx i

i
Z
5

|
(.l||N

The Slope of the tangent at (1, 1) is
.
= The Slope of the normal = The Slope of the tangent

-1

B

= The Slope of the normal = ‘dx
-

= The Slope of the normal = =

I

= The Slope of the normal = 2

(x) xy=6at(1,6)

Solution:
Givenxy =6 at (1, 6)

Here we have to use the product rule for above equation, then we get

a2 L
dx(x y) = dx(6)

44 a X
= x X dx(y) + ydx(x) = dx(5)

d
" dx (Constant) =0

dy
= Xdx=—y
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The Slope of the tangent at (1, 6) is

dy
= dx = — 6
The Slope of the tangent at (1, 6) is— 6

=1
= The S|0pe of the normal = The Slope of the tangent

-1
@

= The Slope of the normal = ‘dx’

—1
= The Slope of the normal = -6

1 A
= The Slope of the normal = &

2. Find the values of a and b if the Slope of the tangent to the curve xy +ax + by =2 at
(1,1)is 2.

Solution:
Given the Slope of the tangent to the curve xy + ax+ by =2 at (1, 1) is 2
First, we will find The Slope of tangent by using product rule, we get
=xy+ax+hby=2

A % . L .

= X ax{y) + yax(x) + a &x(x) + b dx(y) + = dx(2)

gy dy
= xdx+y+a+bdc=0

gy
= dx(x+b)+y+a=0

ay
= dx(x+b)=—(a+y)
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dy _ —-(a+y)
= dx x+b

Since, the Slope of the tangent to the curve xy + ax + by = 2 at (1, 1) is 2 that is,
L
dx = 2
—(a+y)
={ x+b Jy-1y=-1y=2

—{a+1)
:»ﬁzz
=>-a-1=2(1+Db)
=>-a-1=2+2b
=a+2b=-3..(1)
Also, the point (1, 1) lies on the curve xy + ax + by = 2, we have
I1xl+ax1l+bx1=2
=>1+a+b=2
=a+b=1..(2)
From (1) & (2), we getb =-4
Substituteb=—=4ina+b=1
a—-4=1
=>a=5
Sothevalueofa=5&b=-4

3. If the tangent to the curve y = x>+ a x + b at (1, — 6) is parallel to the linex—-y +5 =
0,findaandb

Solution:
Given the Slope of the tangent to the curvey = x> + ax + b at (1, — 6)

First, we will find the slope of tangent

y=x"+ax+b

dy d d d

dc — dx(x®) + dx(ax) + ax(b)

L -
= dx=3x3"14+3(a+0
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dy

= dx=3x*+3

The Slope of the tangent to the curvey = x>+ ax + b at (1, — 6) is
dy

S x=1y=-6) = 3(1)2+ a

dy

= Nx=1y=-6)=3+a..(1)
The given lineisx—y+5=0
y =x + 5 is the form of equation of a straight line y = mx + ¢, where m is the Slope of the
line.
So the slope of the lineisy=1xx+5
So the Slope is 1. ... (2)
Also the point (1, — 6) lie on the tangent, so
x =1 & y = — 6 satisfies the equation, y=x3+ax+ b
-6=1+ax1+b
=>-6=1+a+b
=>a+b=-7..(3)
Since, the tangent is parallel to the line, from (1) & (2)
Hence,3+a=1
=>a=-2
From (3)
a+b=-7
>-2+b=-7
=>b=-5
Sothevalueisa=-2&b=-5

4. Find a point on the curve y = x® — 3x where the tangent is parallel to the chord
joining (1, - 2) and (2, 2).

Solution:
Given curve y = x° — 3x

First, we will find the Slope of the tangent

y=x>—3x
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dy d d

= dx=3x*-3..(1)

The equation of line passing through (o, yo) and The Slope misy—ys=m (x —
Xo).
¥—¥a
So the Slope, m = X~ %o
The Slope of the chord joining (1, — 2) & (2, 2)

dy 2—(-2)
= dx 2-1

dy

4
= dx 1

Sy
=dx=4_.(2)
From (1) & (2)
3x¥*-3=4

=3x’=7

=X=
y=x—3x

=y=x(x*-3)

= y= i‘E ((i‘/g)2 -3)
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U
-
Il
-
-

(2-3)

|+
-~
w | ra
e

=2Y¥Y=

+I

u | tla

>
w111

U
<
I

7
- /

&y=T(E N3

w |-

=
Thus, the required point is x = v

5. Find a point on the curve y = x3 — 2x? — 2x at which the tangent lines are parallel to
the liney = 2x - 3.

Solution:
Given the curve y = x>—2x*—2xand a liney = 2x—3
First, we will find the slope of tangent
y =x3—2x%—2x
. L] -
dx d:\'(x3) - dx(2x2) - dx(2x)
dy
= dx=3¢"1-2x2 (x27) -2 xx! !

dy
= dx=3x*—4x—2..(1)
y = 2x — 3 is the form of equation of a straight line y = mx + ¢, where m is the Slope of
the line.
So the slope of the lineisy =2 x (x) =3
Thus, the Slope = 2. ... (2)
From (1) & (2)
=3x*—-4x-2=2
=>3x*-4x=4
=3x>-4x-4=0
We will use factorization method to solve the above Quadratic equation.
=3x*2—6x+2x—-4=0
=3x(x-2)+2(x-2)=0
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=(x-2)(3x+2)=0
=>(x-2)=0&(3x+2)=0

=>Xx=2o0r

x=-2/3

Substitute x=2 & x=-2/3 iny = x> — 2x*> — 2x
When x =2

=>y=(2)3-2x%x(2)2-2x(2)
=>y=8-(2x4)-4

>y=8-8-4
>y=—-4
Whenx= 3

=>y=(27)=2x(9) +(3)
8 8 4
=y=(27)=(9) + (3)

Taking LCM

(—8x1)—(8x3) + (4x9)

=)y: 2

-8-24+ 36

A

:)y: &
4
:)V:E?

6. Find a point on the curve y? = 2x3 at which the Slope of the tangent is 3

Solution:

Given the curve y? = 2x3 and the Slope of tangent is 3
y2 — 2X3

Differentiating the above with respect to x
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dy
= 2y? ldx=2x 3¢

dy
= ydx = 3)(2
dy 3x?2
= dx v

Since, The Slope of tangent is 3

3x2

¥ =3
x2

= :1

=>X2=y

Substituting x* = y in y* = 2x°,

()=
x*—-2x*=0
x(x—2)=0

x>=0or(x—2)=0
x=0o0rx=2
fx=0

dy _ 3(0)%

= dx v

dy/dx = 0 which is not possible.
So we take x = 2 and substitute it in y? = 2x3, we get

y?=2(2)°
y?=2x8
v S4ig
y=4

Thus, the required point is (2, 4)

7. Find a point on the curve x y + 4 = 0 at which the tangents are inclined at an angle of
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45° with the x—axis.

Solution:
Given the curveisxy+4 =0

If a tangent line to the curve y = f(x) makes an angle 8 with x — axis in the
positive direction, then

dy

dx = The Slope of the tangent =tan 6
Xxy+4=0

Differentiating the above with respect to x

4 L.
= xdx(y) + ydx(x) + ds(4) =0

Also, dx =tan45°=1 ... (2)

From (1) & (2), we get,

v
@X:l

=>R=—Y

Substitute in xy + 4 =0, we get
=>x(-x)+4=0

=>-x*+4=0

%> =4

=>x=i2

Sowhenx=2,y=-2

And whenx=-2,y=2

Thus, the points are (2, - 2) & (- 2, 2)
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8. Find a point on the curve y = x? where the Slope of the tangent is equal to the x —
coordinate of the point.

Solution:

Given the curve is y = x?

y=x

Differentiating the above with respect to x
dy

= ; = 2)(2—1
dy

=vde=72x%... (1)

Also given the Slope of the tangent is equal to the x — coordinate,

dy

ax=x...(2)

From (1) & (2), we get,

2X =X

=>x=0.

Substituting this in y = x?, we get,
y=0°

=>y=0

Thus, the required point is (0, 0)

9. At what point on the circle x? + y — 2x — 4y + 1 = 0, the tangent is parallel to x — axis.

Solution:
Given the curve is x* +y*—2x—4y+1=0

Differentiating the above with respect to x

=X +yi—2x—4y+1=0

N
=~2X2_1+2y2_: dx—2—4 dx+0=0

= 22X+ 2ydx—2 —4dx =()
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dy
=ds(2y—4)=—2x+2

dy _ -2(x-1)
—dx  2(y-2)

dy _ —(x-1)

ds (y—-2) (1)

dy

*ax = The Slope of the tangent = tan 8

Since, the tangent is parallel to x — axis

dy
=dx=tan (0)=0... (2)

Because tan (0) =0

From (1) & (2), we get,

—(x-1)
= -2} =
=>-(x-1)=0
=>x=1

Substituting x =1 in x> +y?>—2x—4y + 1 =0, we get,
=12+y>-2(1)-4y+1=0
=1-y*-2-4y+1=0

>y?-4y=0

=>y(y-4)=0

=>y=0andy=4

Thus, the required point is (1, 0) and (1, 4)

10. At what point of the curve y = x* does the tangent make an angle of 45° with the x—
axis?

Solution:

Given the curve is y = x?

Differentiating the above with respect to x
=y =x?
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dy

= dx = 2x2‘1
dy

=dx =2x... (1)
dy

" ax = The Slope of the tangent = tan 8

Since, the tangent make an angle of 45° with x — axis

dy
= dx =tan (45°) =1 ... (2)

Because tan (45°) =1

From (1) & (2), we get,
=22x=1
i
=>xX=2
1

Substituting x = 2 in y = x%, we get,

11
Thus, the required point is (2, 4)
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EXERCISE 16.2 PAGE NO: 15.27

1. Find the equation of the tangent to the curve Vx + Vy = a, at the point (a%/4, a%/4).
Solution:
Given Vx+Vy=a

To find the slope of the tangent of the given curve we have to differentiate the
given equation

1 1 ydy
25 ) - o

2Vx 2.y dx
dx \’?

o 2
a*~ &-

At (T':) slopem,is—1

The equation of the tangent is given by y —y; = m(x — x1)

3.2 1 az
Y= 7%

X+y=

| A,

2. Find the equation of the normal to y = 2x3 — x? + 3 at (1, 4).
Solution:

Giveny=2x>-x?+3

By differentiating the given curve, we get the slope of the tangent

dy

m=— = 6x%—2x
dx
m=4at (1, 4)

Normal is perpendicular to tangent so, mim; =—1
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m(normal) = ~32
Equation of normal is given by y —y1 = m (normal) (x — x1)
y—4 = (—E) (x—1)
4
X+4y=17
3. Find the equation of the tangent and the normal to the following curves at the

indicated points:
(i)y=x*-6x3+13x*-10x + 5 at (0, 5)

Solution:
Giveny =x*—6x°+13x*— 10x + 5 at (0, 5)

By differentiating the given curve, we get the slope of the tangent

dy p
= 4x% —18x? + 26x—10
dx

m (tangent) at (0, 5) =—10

; 4 1
m(normal) at (0,5) = 5

Equation of tangent is given by y —y1 = m (tangent) (x — x1)
y—5=/~20x

y+10x=5

Equation of normal is given by y —y1 = m (normal) (x — x1)

5 ) —x
¥ ° 210"

(ii)y=x*-6x3+13x>-10x+5atx=1y=3

Solution:
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Giveny=x*—6x+13x*—10x+5atx=1y =3
By differentiating the given curve, we get the slope of the tangent

dy . .
— = 4x° —18x° + 26x— 10
dx

m (tangent) at (x=1) =2

Normal is perpendicular to tangent so, mim; =—1
< \ ; : 1

m(normal) at(x = 1) = 5

Equation of tangent is given by y —y; = m (tangent) (x — x1)
y—3=2(x—1)
y=2x+1

Equation of normal is given by y —y1 = m (normal) (x — x1)
3 . 1
y—-3=-5(x-1

2y = T—X
(iii) y = x* at (0, 0)

Solution:

Giveny =x?at (0, 0)

By differentiating the given curve, we get the slope of the tangent
dy

-CE = 2K

m (tangent) at (x =0) =0

Normal is perpendicular to tangent so, mim; =—-1

m(normal) at (x = 0) = &

We can see that the slope of normal is not defined
Equation of tangent is given by y —y; = m (tangent) (x — x1)
y=0

Equation of normal is given by y —y; = m (normal) (x — x1)
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x=0
(iv)y=2x>-3x-1at(1,-2)

Solution:

Giveny =2x*—3x—1at(1,-2)

By differentiating the given curve, we get the slope of the tangent
dy

— = 4x-3
dx

m (tangent) at (1,-2)=1

Normal is perpendicular to tangent so, mim,; =—1

m (normal) at (1,-2)=-1

Equation of tangent is given by y —y; = m (tangent) (x — x1)

y+2=1(x-1)
y=x-3
Equation of normal is given by y —y; = m (normal) (x — x1)
y+2=-1(x-1)
y+x+1=0
3
2 £

m _

(v)y o
Solution:

By differentiating the given curve, we get the slope of the tangent

dy _ (4 —x)3x* + x*
Y& T (4=x)?

dy (4-x)3x% + x*
dx  2y(4—x)2

m (tangent) at (2,—2)=-2

m(normal) at (2,—-2) = -

Equation of tangent is given by y —y; = m (tangent) (x — x1)
y+2=-2(x-2)
y+2x=2
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Equation of normal is given by y —y; = m (normal) (x — x1)
1
y+2-= - {i—2)
2y+4=x-2
2y—-x+6=0

4. Find the equation of the tangent to the curve x=0 +sin 6, y=1 + cos 0 at 0 = /4.

Solution:
Givenx=0+sinB,y=1+cosB atB=m/4

By differentiating the given equation with respect to 6, we get the slope of the

tangent
O A
= b cos
dy .
= —sinB
Dividing both the above equations
dy sinf
d«k 1 + cosb
1
mat6=(“/4)=—1 e

Equation of tangent is given by y —y; = m (tangent) (x —x3)
- () (k-5 5)
- — N S X——— —
T N /AN

5. Find the equation of the tangent and the normal to the following curves at the

indicated points:
() x=0+sinB,y=1+cos0atB=mn/2

Solution:
Givenx=0+sinB,y=1+cosBatB=m/2
By differentiating the given equation with respect to 6, we get the slope of the tangent
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dx

o= 1

T 1 + cosO

dy .

0 = —sinB

Dividing both the above equations
dy sinf

d« 1 + cosb

m (tangent) at 6 = (n/2)=—-1
Normal is perpendicular to tangent so, mim;=—1
m (normal) at 6 = (/2) = 1

Equation of tangent is given by y —y1 = m (tangent) (x — x1)

i1 = —1(x—g—1)

Equation of normal is given by y —y1 = m (normal) (x — x1)

y—1 = 1(x—g—1)

2at? 2at? 1

i) x = .
() 1+ t2

Solution:
By differentiating the given equation with respect to t, we get the slope of the
tangent

dg (1 + t?)4at— 2at?(2t)
dt (1 + t2)2

dx 4at

dt (1 + t2)2

dy (1 + t?)6at? — 2at®(2t)
dt (1 + t2)2
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dy  6at® + 2at*
dt (1 + t2)2

&y ax
Now dividing dt and dt to obtain the slope of tangent

dy  6at® + 2at*
dx 4at

ol -
m (tangent) att=2is 16

Normal is perpendicular to tangent so, mim; =—1

4 3B
m (normal)att=2is 12

Equation of tangent is given by y —y1 = m (tangent) (x — x1)

a 13( Za)
Y"5 = 16\* " 5

Equation of normal is given by y —y; = m (normal) (x — x1)

(iii) x=at?, y=2atat t = 1.

Solution:
Given x = at?, y = 2atatt=1.

By differentiating the given equation with respect to t, we get the slope of the

tangent
dx ik
a2
dy

- =2
a - “@

&y ax
Now dividing dt and dt to obtain the slope of tangent
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dx

dy 1
t

m (tangent) att=1is1

Normal is perpendicular to tangent so, mim;=—1

m (normal)att=1is—1

Equation of tangent is given by y —y1 = m (tangent) (x — 1)
y—2a=1(x—a)

Equation of normal is given by y —y1 = m (normal) (x — x1)

y—2a=-—1(x—a)

(iv)x=asect,y=btantatt.

Solution:
Givenx=asect,y=btantatt.

By differentiating the given equation with respect to t, we get the slope of the

tangent

dx

— = asecttant
dt

dy .

— = bsec-t
dt

@y
Now dividing dt and dt to obtain the slope of tangent
dy  bcosect
dx a
bcosect
m (tangent) att= a

Normal is perpendicular to tangent so, mym; =—1

a .
m (normal) att=_ b .
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Equation of tangent is given by y —y1 = m (tangent) (x — x1)

bcosect ,
y—btant = —= (x —asect)

Equation of normal is given by y —y1 = m (normal) (x — x1)

asint :
5 (x —asect)

y—btant = —

(v)x=a(0+sinB),y=a(l-cosB)ath

Solution:
Givenx=a(B+sinB),y=a(l-cosB)atBb

By differentiating the given equation with respect to 8, we get the slope of the

tangent
X a1 + cos6)
- a( cosB)
dy e
i a(sinB)

dy dx

Now dividing 48 and de to obtain the slope of tangent

dy sin 6
dx ~ 1 + cos@

sin @
m (tangent) at theta is 1+ cos8

Normal is perpendicular to tangent so, mim; =—1

sin 8

m (normal) at theta is " 1+cos8

Equation of tangent is given by y —y; = m (tangent) (x — x1)
sin®

Y= a(l—COSG) — m

(x—a(0 + sin0))

Equation of normal is given by y —y1 = m (normal) (x — x1)
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1 + cosB

- (x—a(0 + sin0))

y— a(l—cosB) =

(vi) x =3 cos © — cos® 0, y = 3 sin 0 —sin®0

Solution:
Given x =3 cos O —cos®* 8, y = 3 sin B —sin’0

By differentiating the given equation with respect to 8, we get the slope of the

tangent

i 3sin® + 3cos?Osind
B sin cos-Bsin
dy :

S5 5 3 cosB — 3sin“BcosHO

&y &
Now dividing 48 and d8 to obtain the slope of tangent

dy 3 cosB — 3sin®Bcos O 4
. A _ — = —tan®0
dx —3sin® + 3cos206sinb

m (tangent) at theta is —tan®6

Normal is perpendicular to tangent so, mim;=—-1

m (normal) at theta is cot*0

Equation of tangent is given by y —y; = m (tangent) (x —x1)
y — 3sin® + sin®*0 = —tan®*6(x — 3cos® + 3cos?0)
Equation of normal is given by y —y; = m (normal) (x — x1)

y — 3sinf + sin®0 = cot*0(x — 3cos® + 3cos30)

6. Find the equation of the normal to the curve x? + 2y? — 4x — 6y + 8 = 0 at the point
whose abscissa is 2.

Solution:
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Given x> + 2y’ —4x—6y+8=0

By differentiating the given curve, we get the slope of the tangent

dy dy
2X + 4}7&—4—6& =0

dy 4-2x
dx 4y—6

Finding y co — ordinate by substituting x in the given curve
2y’—6y+4=0

y?—3y+2=0

y=2ory=1

m (tangent) at x=2is0

Normal is perpendicular to tangent so, mim, =—1

m (normal) at x = 2 is 1/0, which is undefined

Equation of normal is given by y —y; = m (normal) (x — x1)
X=2

7. Find the equation of the normal to the curve ay? = x3 at the point (am?, am3).
Solution:

Given ay? = x°
By differentiating the given curve, we get the slope of the tangent

Zay& = "

dy 3x?
dx Z2ay

3m

m (tangent) at (am?, am?) is 2

Normal is perpendicular to tangent so, mimz=—1

2
&

m (normal) at (am?, am®) is  3m

Equation of normal is given by y —y1 = m (normal) (x — x1)
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3 i 2
y—am® = ———(X— am
= Sm( )

8. The equation of the tangent at (2, 3) on the curve y?> = ax® + b is y = 4x — 5. Find the
values of a and b.

Solution:
Giveny*=ax>+bisy=4x-5
By differentiating the given curve, we get the slope of the tangent

d 2
Zyd—i = 3ax”

dy  3ax?

dx 2y

m (tangent) at (2, 3) = 2a

Equation of tangent is given by y —y; = m (tangent) (x — x1)
Now comparing the slope of a tangent with the given equation

2a=4

a=2

Now (2, 3) lies on the curve, these points must satisfy
32=2x23+b

b=-7

9. Find the equation of the tangent line to the curve y = x? + 4x — 16 which is parallel to
the line3x-y+1=0.

Solution:
Giveny =x*+4x— 16
By differentiating the given curve, we get the slope of the tangent

dy
&—ZX‘F‘}

m (tangent) = 2x + 4
Equation of tangent is given by y —y1 = m (tangent) (x —xi)

Now comparing the slope of a tangent with the given equation
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2x+4=3

1
X = —=
v/

Now substituting the value of x in the curve to find y

1 T 71
Y =3 -
Therefore, the equation of tangent parallel to the given line is

g o 3('+1)
YT =X T3

10. Find the equation of normal line to the curve y = x3 + 2x + 6 which is parallel to the
linex+14y+4=0.

Solution:
Giveny=x>+2x+6

By differentiating the given curve, we get the slope of the tangent

dy 5
&—3)& + 2

m (tangent) = 3x% + 2

Normal is perpendicular to tangent so, mim;=—1

-1
m (normal) = 3x® + 2

Equation of normal is given by y —y1 = m (normal) (x — x1)

Now comparing the slope of normal with the given equation

1
m (normal) = 14

1 1
14 3x2 + 2

X=20r—-2



www.edugrooss.com

EDUGROSS

WISDOMISING KNOWLEDGE

RD Sharma Solutions for Class 12 Maths Chapter 16
Tangents and Normals

Hence the corresponding value of yis 18 or—6
So, equations of normal are
y—18 = —i(x— 2)
14
Or

1
y+6=—ﬁ(x+2)
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EXERCISE 16.3 PAGE NO: 16.40

1. Find the angle to intersection of the following curves:
()y*=xand x’=y

Solution:

Given curves y? =x ... (1)
Andx*=vy...(2)

First curve is y* = x

Differentiating above with respect to x,

dy
= 2y.dx=1

dy

p §
=m; dx 2% ... (3)

The second curve is x* =y

=m; dx=2X...(4)

Substituting (1) in (2), we get

=x'=y

= (V) =y
=y'-y=0
=y(y’-1)=0
y=00ry=1

Substitutingy=0&y=1in(1)in (2),
X =y

Wheny=0,x=0

Wheny=1,x=1
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Substituting above values for m; & m,, we get,
When x =0,

Values of myis oo & 3
Wheny =0,

dy

m; dx=2x=2%x0=0
Whenx=1,

_ Yy
m; dx=3x=2x1=2

Valuesof m;is0 & 2

Whenmi=e=&m;=0

m,_m,

1+mym,

Tan®

Q—co

Tan 6 |1+co><0

Tan B =ee
B =tan (=)

— 9
s Tan "Yeo) ~ 2
8~ 2

1
Whenm:~ 2&m;=2

m;_m,

Angle of intersection of two curves is given by t@n 0 Rl
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.

T T |1+3x2

a

_ |z
Tan© "
» El
Tan 6 la
3
B =tan ~(2)

(i) y =x*>and x* +y* =20
Solution:
Given curvesy =x* ... (1) and x> +y* =20 ... (2)

Now consider first curve y = x?

=m; dx=2X...(3)
Consider second curve is x* + y? = 20

Differentiating above with respect to x,

dy
=2X+2y.dx=0
dy
= Y.dx=—X

_dy _ =
=m; dx vy ..(4)

Substituting (1) in (2), we get

=y+y>=20

=y’+y—-20=0

We will use factorization method to solve the above Quadratic equation
=y*+5y—4y—-20=0

=y(y+5)—4(y+5)=0



www.edugrooss.com

EDUGROSS

WISDOMISING KNOWLEDGE

RD Sharma Solutions for Class 12 Maths Chapter 16
Tangents and Normals

=(y+5)(y-4)=0

=>y=—5&y=4
Substitutingy=—5&y=4in(1)in (2),
y=x*

Wheny=-5,

=-5=x%

=X= \/—_5

Wheny =4,

=>4=x

=>X=12

Substituting above values for m; & m; we get,

When x =2,

dy_
mi:  dx =2Xx2

=-4
Valuesof m;is4 &—4

Wheny=4&x=2

dy —X 2

ma dx y
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-1 1
Values of myis 2 &2

Whenmi=ec & m;=0

m,_m,

Angle of intersection of two curves is given by tan® L

==l
—-4

Tane= 1+2x4

=iy

]

Tan® [1-2
. L
Tan B |2
9
B =tan ~(2)

(iii) 2y? = x® and y? = 32x

Solution:

Given curves 2y* =x> ... (1) and y* = 32x ... (2)
First curve is 2y = x°

Differentiating above with respect to x,

dy
= 4y.dx = 3%°

=m; dx 4y ..(3)

Second curve is y* = 32x

dy
= 2¥.dx = 32

dy
= y.dx =16
dy _ 16

=m; dx v ...(4)
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Substituting (2) in (1), we get

=5 2y° =

= 2(32x) = x3

=64 x=x

=>x3-64x=0

=>x(x*-64)=0
=>x=0&(x*-64)=0

=>x=0&18

Substitutingx =0 & x=1%8in (1) in (2),
y2 = 32x

Whenx=0,y=0

When x = 8

=>y?>=32x8

= y2 =256

= y=116

Substituting above values for m; & m;, we get,

Whenx =0,y =16
dy
ml_ dx

3x0?
= 4x8

=1
Whenx=8,y=16

Valuesof m;is0 & 3
Whenx=0,y=0,

_ Yy
mz_ dx
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16 16

=y T
When vy = 16,

dy
m; dx

16 16
= ¥ 16

Valuesof myise=e & 1

Whenm;=0& m; =

m,_m, |

=Tan® l1+mm,

cwo—0

=Tan 0O |1+wx0

=Tan B =o0

= 0 =tan ~}(oo)

A

“TanYee) = 2

— K
=20 2
-
Whenm; ™ 2&m;=2
| my_m,
Angle of intersection of two curves is given by t@n 6 li+mm,

] 31
=Tan® l1+3x1

2
=TanB "~ Zl

3 &
=TanB "~ El

=0=tan"!(2)
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(iv)x*+y*—4x—-1=0and x> +y?2-2y-9=0

Solution:

Given curves x> +y2—4x—1=0...(1)and x* +y*-2y-9=0... (2)
First curveisx>+y>—4x—-1=0
S>x-4x+4+y*-4-1=0

= (x-2)+y*-5=0

Now, Subtracting (2) from (1), we get
Sx2+y?—4x—-1—(x*+y*-2y-9)=0

S +y?—4x—1-x*-y?*+2y+9=0
=>-4x-1+2y+9=0

=>-4x+2y+8=0

=> 2y =4x—-8

=>y=2x—-4

Substitutingy = 2x — 4 in (3), we get,

= (x—2)2+(2x-4)?=5=0

= (x—2)’+4(x-2)*-5=0

= (x-2)*1+4)-5=0

= 5(x—2)2=5=0

=>(x—-2)?-1=0

= (x-2)*=1

= (x-2)=%1

=>x=1+2o0rx=—1+2

=>x=3orx=1

So, whenx =3

y=2x3-4

Sy=6-4=2

So, whenx =3

y=2x1-4

>y=2—-4=-2

The point of intersection of two curves are (3, 2) & (1, — 2)
Now, differentiating curves (1) & (2) with respect to x, we get

=>x+y-4x-1=0

L A
=2X+2ydx 4-0=0
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=X+yde 2=0
dy
=yYde=2—X
dy 2-x
= —= =
dx v ...(3)

=>x+y?-2y—-9=0

o
= 2X+2ydx 2dx 0=0

dy dy

=>X+yd« dx O

o
=>X+(y—1)dx -0

ﬂ —-x
=dx  y-1..(4)

At (3, 2) in equation (3), we get

dy 2-3
= — = —
dx 2

_ % _ 1
=‘m1_dx_ 2

At (3, 2) in equation (4), we get

dy —3
= — = —
dx 2—1
dy
dx=—3
dy

Angle of intersection of two curves is given by t@n 0
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| m,_m,

1+m,m,
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—+3
=|l—=1

1+ 3
= Tan B 2
= @=tan (1) = —

" y

(l') = ﬁ =1 and 1132 —_— 'y2 — ab
Solution:

.\'2 y"

Given curvesaz +bz  1..(1)andx*+y*=ab ...

Second curve is x* +y* = ab
vy =ab—x?
Substituting this in equation (1),

= 74 ab—x? _
Ty B2 -1

w

x*b? + a%(ab-x?)

a2b2 1

= x?b? + a’b — a®x? = a?b?
= x’b? —a’x* = a’bh’-2a’b
= x*(b*-a%) =a’b(b—a)

__ a“b(b-a)

x? (b%—a%)

. a®b(b—a)
= )n(2 T x2(b-a)b+ g}

ol a’b
=x2" (b+a)

~a—b’=(a+b)(a-h)

(2)
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aZb

=g yib=y  (3)

Since, y* = ab — x?

a’b
=yi=ab—(b+a)
__ ab® +a%b-a%b

=y (b +a)

_ab?

= y2_ (b+a)

ab?
= y=b+a) . (4)

(&)

2

Since, curvesare 2 + b2 1 & x*+y?=ab

<

Differentiating above with respect to x

25 2y dy
g8 " s =

y dy X
= bZ2.dx= a?

o X

vy a2

&% 2
= b2

dy | —b%
=dx awy

_4iv . -b%x

=m; dx 2y ... (5)

Second curve is x> +y* = ab

dy

=2x+2y.ax 0

dy -X

=m; dx vy ...(6)

Substituting (3) in (4), above values for m; & m; we get,
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\/ a*b ab?
At (N (b+a)  (b+3)) in equation (5), we get

T azb
dy XJoFa)

- — =
dx 5 ab?
X Jb+a
2 b
dx 2
azxhb ®+ a)
dy —b%avb
= — = —
dx azb\ﬁ
_ ﬂ _ —bvb
=>m1_ dx  a/a

\/ aZb ab?
At (v (b+a)  (b+3)) in equation (6), we get

_/_ﬂ
dy {b -+ a)
e e ———————
dx [ ab?
(b + a)
. le D9
dy/ T Fa

= =
dx b a
1/(b + a)

dy —avb
= — =
dx by’g
iy _ _ 2
= rn2 dx b
-byb

ol

Whenm;  ava &msy



EDUGROSS

WISDOMISING KNOWLEDGE

Angle of intersection of two curves is given by t@n 6 1+m;m,

= Tan B

=TanB

-bvb a

a/a_ \b
-bvb la
1+ x— |=
avE Vb

-bvbxvb +avaxya
avaxVb

142
a

-bxb+ axa
av'ib
1+-

a

aZ_bZ

a\ab
a+b

a

(a+b)(a-b)
y‘Eb
a+b

(a-b)
Vab

(a=b)

=0 =tan " }(vab)
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ml_mz

2. Show that the following set of curves intersect orthogonally:
(i)y=x3>and 6y =7 — x?

Solution:

Givencurvesy =x3... (1) and 6y =7 —x>... (2)
Solving (1) & (2), we get

= 6y=7-x

=6(x})=7-x*
=6 +x2-7=0
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Since f(x) = 6x3 + x> - 7,
We have to find f(x) =0, so that x is a factor of f(x).

Whenx =1
f(1)=6(1)>°+(1)*-7
f(l)=6+1-7
f(1)=0

Hence, x = 1 is a factor of f(x).
Substituting x =1 iny = x3, we get
y=1
y=1
The point of intersection of two curves is (1, 1)
First curvey = x3
Differentiating above with respect to x,
d
=6 ﬁ' =0—2x

—2x

= M3

=

=>m2_ 3 (4)

At (1, 1), we have,

my = 3x?
= 3 x (1)?
m1=3

At (1, 1), we have,

X

=m; A2
= 3z

-1
=>m2' 3

=]
Whenm;-3&m;= 3

Two curves intersect orthogonally if mym; =-1
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i
=3x3 1

. Two curves y = x° & 6y = 7 — x* intersect orthogonally.

(i) x* - 3xy?=—2and 3x2y—y3=2

Solution:

Given curves x> —3xy?=—2...(1) and 3x’y —y*=2 ... (2)
Adding (1) & (2), we get

=>x3—3xy?+3x%y—y3=-2+2

=> x> =3xy?+3x’y—-y3*=-0

=>(x-y)3=0
= (x-y)=0
= X =y

Substituting x =y on x3—3xy?=-2
S -I RN =—2
=>x3-3x3=-2
=>-2x3=-2
=S t=1
=>x=1
Sincex =y
y=1
The point of intersection of two curves is (1, 1)
First curve x3 —3xy?=-2
Differentiating above with respect to x,
dvy
= 3x? —3(1xy* + szyd_i) =0
dy

= 3x*—3y*—6xyax O

dy
= 3x? — 3y? = 6xydx

dy 3x%-3y*
= dx 66Xy

dy 3(x*-y?)
= dx 6xXy
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_ -y®)
=m 2xy  ...(3)
Second curve 3x’y—y> =2

Differentiating above with respect to x

dy dy _
= 3(2xxy + x*%dax) —3y%ax 0

dy  dy _
= 6xy +3x%dx  3y%ax 0
dy _
=6xy+(3x*—3y%)ax 0

dy —6Xy
= dx 3x2-3y*

dy —-2xy
= dx x2—y?

=>m; x*-y*... (4)

_ %) —2xy
When my 2xy & mp=x*-y*

Two curves intersect orthogonally if mym; =-1

x*-y?%) —2xy
= 2xy Xx'-y' =—

. Two curves x> — 3xy? =— 2 & 3x’y — y* = 2 intersect orthogonally.

(iii) x> + 4y> =8 and x* - 2y* = 4.

Solution:
Given curves X2 +4y*=8 ... (1) and x*—2y* =4 ... (2)
Solving (1) & (2), we get,
From 2nd curve,

x2=4+2y?
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Substituting on x* + 4y* = 8,
=4+2y*+4y*=8
=6y’=4

=S
=)y2_ 6
ﬁ
=)y=-|_— 3

2
Substituting ony = i\/;, we get,

2
=>x’=4+ 2(i\£)2

2
=x'=4+2(3)

4
=>x2=4+3

=Xx=+\ 3

4
= X=1/3

4 |2 4 |2
»» The point of intersection of two curves (3, J;) &( 3 \];)
Now, differentiating curves (1) & (2) with respect to x, we get
=>x'+4y*=8

dy
=2 2Xx+8y.dx=0

dy
= 8y.dx =— 2X
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dy _ —x
T ax T ay .. (3)
ﬁx2—2y2=4
dy

=dx  2y..(4)

L
dy V3
— e —
dx 2
4 % §
_L
dy __+3
dx 2
3
8
=>m1— V2
.
At (V3, N 2) in equation (4), we get
4
> i\
o B
dx JE
23 §)
2
dy _ 3
dx 2
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dy 2

dx N V’rz

dy

i AR

dx 2
=)m2=1

=
Whenm; ~ 2 &m,= V2

Two curves intersect orthogonally if mym; =-1

5
= axV2=—1

. Two curves x* + 4y? = 8 & x* — 2y? = 4 intersect orthogonally.

3.x2=4yand 4y +x>*=8at (2,1)

Solution:

Given curves x> =4y ... (1) and 4y + x* =8 ... (2)
The point of intersection of two curves (2, 1)
Solving (1) & (2), we get,

First curve is x* = 4y

Differentiating above with respect to x,

dy

= 2X=4.dx
dy 2%
= dx -

=m= 3...(3)

Second curve is 4y + x* =8

dy
=4.4x+2x=0
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d_y_ —-2x

=dx 4

_ =
=:~m2_ 2 (4)

_x
m; 2
2
=2
mp=1.. (5)
_ X
m; 2
~3
=2
ma=—-1.. (6)

Whenm:;=1&m;=-1
Two curves intersect orthogonally if mym; =-1
=2Ix—-1=—1

~ Two curves x* = 4y & 4y + x* = 8 intersect orthogonally.

(ii)x*=yand x®*+6y=7at (1, 1)

Solution:

Given curves x? =y ... (1) and x>+ 6y =7 ... (2)
The point of intersection of two curves (1, 1)
Solving (1) & (2), we get,

First curveis x> =y

Differentiating above with respect to x,

_ Yy
= 2X_ dx
dy
—= = J%
= dx
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Second curve is X* + 6y = 7

Differentiating above with respect to x,

dy
=3x>+6.dx=0
dy  -3x%
=dx 6
dy  —x?
= dx o 2

=>m 2 ..(4)

Substituting (1, 1) for m; & my, we get,

my = 2X
=2 x]
mp=2.. (5)
mz— 2
e

R
Mz = : S (6)

—1
Whenm;=2& my=_ 2

Two curves intersect orthogonally if mym; =-1

¥_ N
=>2X A 1

~ Two curves x? = y & x* + 6y = 7 intersect orthogonally.

(iii) y> = 8x and 2x? + y?> = 10 at (1, 2v2)

Solution:
Given curves y?>=8x ... (1) and 2x> + y* =10 ... (2)
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The point of intersection of two curves are (0, 0) & (1, 2V
Now, differentiating curves (1) & (2) w.r.t x, we get
=y =8x

dy _
=2y.dx 8

= dx 2y

A
=dx y..(3)
=2*+y*=10

Differentiating above with respect to x,

dy

=4x+2y.dx=0
dy

= 2X+Yy.dx=0

dy
=Y. dx=—2X
dy _ 2=
= vy o...(4)

i
= 24/2

my=V2 1. (5)
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-1
Whenm;= V2&m, 2

Two curves intersect orthogonally if mym; =-1

o |

:V’EXV_E |

% Two curves y? = 8x & 2x* + y* = 10 intersect orthogonally.

4. Show that the curves 4x = y? and 4xy = k cut at right angles, if k? = 512.
Solution:

Given curves 4x =y? ... (1) and 4xy =k ... (2)

We have to prove that two curves cut at right angles if k* = 512

Now, differentiating curves (1) & (2) w.r.t x, we get

= 4x=y?

dy
=4 =2y. dx

dy 2

= dx v

3
i ¥a:3)
= 4xy =k

Differentiating above with respect to x,

|
<

=>m2_ X .-

(4)

Two curves intersect orthogonally if mym; =-1
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Since m; and m; cuts orthogonally,

2 -y
=¥yXyx 1

e
&~
X

= -1

=1 ¥

Now, Solving (1) & (2), we get,
4xy =k & 4x = y?

= (y})y=k

=y =k

1
:)y= k;

¥
Substituting y = K2 in 4x = y2, we get,

= ax= (K3
=3 XD = k_z
:k_z =8
= Kk? =&
=k* =512

5. Show that the curves 2x = y? and 2xy = k cut at right angles, if k? = 8.

Solution:

Given curves 2x =y? ... (1) and 2xy =k ... (2)

We have to prove that two curves cut at right angles if k? =8
Now, differentiating curves (1) & (2) with respect to x, we get
=5 2xE VP
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-
m; ¥..(3)
= 2xy =k
Differentiating above with respect to x,

dy
ST TEN-0
dy
=)y+xdx=0

dy -y
= — = —

dx X

|
<

=m; x ..(4)
Two curves intersect orthogonally if mym; =-1

Since my; and m; cuts orthogonally,

=SyXy 1

=2x=1

Now, solving (1) & (2), we get,
2xy =k & 2x = y?

=(y)y=k
=y =k

p 4
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1
Substituting y = K2 in 2x = y2, we get,

L
ﬁZX:(k;)z
== 2% = ki
=)k2 =23



