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EXERCISE 9.1 PAGE NO: 9.28

Prove the following identities:
1. V[(1 - cos 2x) / (1 + cos 2x)] = tan x
Solution:
Let us consider LHS:
V[(1 = cos 2x) / (1 + cos 2x)]
We know that cos 2x =1 — 2 sin® x
=2cos’x -1
So,
V[(1 = cos 2x) / (1 + cos 2x)] = V[(1 — (1 - 2sin®x)) / (1 + (2cos*x - 1))]
=[(1—1+2sin®x) /(1 +2cos® x - 1)]
=[2 sin®x / 2 cos? x]
= sin X/cos X
=tan x
=RHS
Hence proved.

2. sin 2x / (1 — cos 2x) = cot x

Solution:

Let us consider LHS:

sin 2x / (1 — cos 2x)

We know that cos 2x = 1 — 2 sin® x

Sin 2x =2 sin x cos x

So,

sin 2x / (1 —cos 2x) = (2 sin x cos X) / (1 - (1 — 2sin® x))
=(2sin x cos x) / (1 — 1 + 2sin® x)]
= [2 sin x cos x / 2 sin? x]
= COS X/sin X
=cotx
= RHS

Hence proved.

3. sin 2x / (1 + cos 2x) = tan x

Solution:

Let us consider LHS:

sin 2x / (1 + cos 2x)

We know that cos 2x =1 — 2 sin® x
=2cos’x—1
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Sin 2x = 2 sin x cos X

So,

sin 2x / (1 + cos 2x) = [2 sin x cos x / (1 + (2cos*x - 1))]
=[2sinx cos x/ (1 +2cos® x - 1)]
= [2 sin x cos x / 2 cos? X]
= sin X/cos x

Hence proved.

4 \/2—+—\/2—+-2r:os—1;r =2cos7,0< 7 <

L

Solution:
Let us consider LHS:

\/2—+— V2 + 2cosdx =J2+\/2 +2(2cos22x— 1)

{since, cos 2Xx=2cos?X— | = cos 4x =2 cos? 2x -1}

=J2 +2 +4cos22x—2

=J2+ 4cos22x

= 2672 COSER
=42 +2(2cos2x— 1)

{since, cos 2x =2 cos?x — 1}

=2 +4cos2x—2

=4 cos?x

=2cosX

=RHS
Hence proved.

5. [1 = cos 2x + sin 2x] / [1 + cos 2x + sin 2x] = tan x
Solution:
Let us consider LHS:
[T —cos 2x + sin 2x] / [1 + cos 2x + sin 2x]
We know that, cos 2x = 1 — 2 sin® x
=2 cos* x— 1
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Sin 2x = 2 sin X cos X
So,
1 —(1—2sin?x) + 2sinx cosx

1+ (2cos2x — 1) + 2sinxcosx
1—1+ 2sin*x+ 2sinxcosx

" 1+ 2c0s2x— 1 + 2sinXcosx
2sin’?x+ 2sinxcosx

~ 2cos?x + 2sinxcosx
2 sinx (sinx + cosx)

- 2 cosx(cosx + sinx)
sinx

 COSX
= tan X
=RHS
Hence proved.

6. [sin x + sin 2x] / [1 + cos x + cos 2x] = tan x
Solution:

Let us consider LHS:

[sin x + sin 2x] / [1 + cos x + cos 2X]

We know that, cos 2x = cos? x — sin® x

Sin 2x = 2 sin X c0S X

So,

sinx +sin2x _
1+cosx+cdlgx 1@ x)(2cos?x—1)

sinx + 2sinxcosx

sinx + 2sinxcosx
14 cosx+2cos2x—1

sinx+ 2sinxcosx

cosxX + 2cos2x
sinx (1 + 2 cosx)

~ cosx(1 +2cosx)

sinx

© COSX
= tan X
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=RHS
Hence proved.

7. cos 2x / (1 + sin 2x) = tan (n/4 - X)
Solution:
Let us consider LHS:
cos 2x / (1 +sin 2x)
We know that, cos 2x = cos” X — sin’ X
Sin 2x = 2 sin X cos X
So,
s P cos?x —sin?x
1+sin2x 1+ 2sinxcosx
(cosx — sinx)(cosx + sinx)
~ sin?x + cos2x + 2sinx cosx
(since, al—b’=(a-b)a+b) &sin® X +cos?x=1)
(cosx —sinx)(cosx + sinx)
B (sinx + cosx)?
(since, a2 + b2 + 2ab = (a + b)?)
(cosx — sinx)(cosx + sinx)
~ (sinx+ cosx)(sinx + cosx)
(cosx — sinx)
~ (sinx + cosx)
Multiplying numerator and denominator by 1/42
We get,

r3 (cosx — sinx)
V2

1
—(sinx + cosx
7z )

1 ; - )
——=C0SX — —=sinx
(\/5 \/5

( SNy +— COSX)

(sm 2 COSX — oS Sin x)
4 4

(smgsmx+ coszcosx) . ,
(singe, 1/¥2 = sin w/4)
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_ sin (g — x)
" cos (g — x)
By using the formulas,

sin (A —B)=sin A cos B—sin B cos A
cos(A—B)=cos AcosB+sin AsinB
= tan (/4 - X)
= RHS
Hence proved.

8. cos x /(1 - sin x) = tan (/4 + x/2)

Solution:

Let us consider LHS:

cos x /(1 - sin x)

We know that, cos 2x = cos? x — sin® x
Cos x = cos? x/2 — sin® x/2

Sin 2x = 2 sin X ¢co0S X

Sin x = 2 sin x/2 cos x/2

So,
2x s 2

x
cosx _ CO8 3 —sli'y

e inX x
1—sinx 1— 2sinj cos;

b4 . X X . B

B (cosi = smi) (cos§+ smi)
T ainz > 2X e B e A
sin > + cos 2+Zsm2|:os2

(By using the formula, a2 —b2=(a-b)(a+b) & sin2x+cos?x=1)
x L  J
" (cosi — smi) (cosi + sin i)
9 i X\ 2
(smz + cos i)
(By using the formula, a2 + b2 + 2ab = (a + b)?)
(cosX sin E) (cos = + sin E)
2 2 2 2
X - ¥ X
(sm 5 +cos3 )(smi + cosi)
(cos}—( = sin—)
2 2
X X
(sm 5 +cos i)
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B (cos% + sin%)
(sin% —C08 g)

Let us multiply numerator and denominator by 1/4/2

We get,
1 X o X
- ﬁ (COSi + smi)
i B
ﬁ (smi — CcoS 2)
(i cos% + isin%)
_\\2 V2
(LsinX — 1 cosg)
2 2 2 2
. T X g A <
~ (sm; cosi + cosz smi)
- (singsinE — (:osE cosg)
4772 47772/ (since, 1/2 = sin w/4)
sm(%T — x)
CoS (g— x)
= tan (/4 - X)
= RHS
Hence proved.
T 3 5T T
9. cos? — + cos?— + cos®? — + cos? — =
COSB cos8 COSS cc-s.8
Solution:
Let us consider LHS:
7 3 H7 T7
coszg + 0052?71- + (:052?"r + 0052%

We know that cos 2x =2cos?x - 1
Cos 2x + 1 =2cos? x
Cos? x=(Cos 2x + 1)/2
So,

cos? ™ 4 cos? i + cos? i + cos? L
B 8 B8 B
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1+c0528—n 1+cos€;3—Tr 1+coslg—TT 1+cos%
= + + +
2 2 2 2
1+cosz—n 1+cos(n—2—n) 1+cos(n+2—n) 1+COS(2TI—2—T[
= 8 4 a4 . _Lg 8
2 2 2 2
{ 2m 6T 2m 10w 2T 1411}
e e TR BT @B® B
1+ cosz8—n 1-— coszs—ﬂ 1-— COSZS_T[ 1+ cosZS—T[
= + + +
2 2 2 2
{we know, cos (1 —A)=-cos A, cos (T+ A)=-cos A & cos (2t — A)=cos A}
i I cos% i —coszs—n
=2 —+2K——
2 2
PALS 2T
=1+cos—+1—cos?
=2
=RHS
Hence proved.
10. 51n2§ + 51112?%r -+ 51n25?ﬂ- + Slnz% =
Solution:
Let us consider LHS:
3 5 7
si 2; +51n2 il —i—sm2 ;r _}_sz%

We know that, cos 2x =1 —2sin? x
2sin? X = 1- cos 2x
Sin? x = (1 — cos 2x)/2

So,
1—c0328—1T 1—cost%1T l—coslg—“ 1—cos%
— + + +
2 2 2 2
1—cosz—'IT 1—cos(n—2—n) 1—cos(n+2—ﬂ) 1—cos(2n——)
_ 8+ 8 4 8 "

2 2 2 2
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{__ 2w 6T . 2w 10m » 2n 14
T T8 "Tg "8 "8 8
..
1—cosz—1T 1 (—cosz—n) 1 R (—cos—“) 1—(:052—“
_ 8 8/, 8/, g
2 2 2 2

{we know, cos {m —A)=-cos A, cos (T + A)=-cos A & cos {2r— A)=rcos A}

211 21 2T TC
1—cos? 1+cos? 1+cos? 1—cos?

=— % f B * = T B
1—cos%;—r 1+1:052—8T-I
=2x——S +2x——F
2 2
1 2T[+1+ =
= cos8 cos8
=2
=RHS
Hence proved.

11. (cos a + cos P) 2 + (sin @ + sin B)2 =4 cos’ (a - )/2
Solution:
Let us consider LHS:
(cos o+ cos B)? + (sin a + sin B)?
Upon expansion, we get,
(cos o+ cos B)? + (sin o + sin B)* =
= cos? a+ cos? B+ 2 cos a cos B+ sin? o + sin® B + 2 sin o sin B
=2+2cosacosP+2sinasinf
=2 (1 +cosacosf+sinasinf)
=2 (1 +cos (a - B)) [since, cos (A — B) = cos A cos B + sin A sin B]
=2 (1+2cos? (a-B)/2 - 1) [since, cos2x = 2¢cos* x — 1]
=2 (2 cos? (o - B)/2)
=4 cos? (a - B)/2
=RHS
Hence Proved.

12. sin’ (n/8 + x/2) — sin?® (n/8 — x/2) = 1/N2 sin x
Solution:

Let us consider LHS:

sin? (/8 + x/2) — sin? (/8 — x/2)
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we know, sin® A — sin? B = sin (A+B) sin (A-B)
so,
sin? (n/8 + x/2) — sin? (n/8 — x/2) = sin (/8 + x/2 + w/8 — x/2) sin (n/8 + x/2 — (n/8 — x/2))
= sin (/8 + m/8) sin (n/8 + x/2 - m/8 + x/2)
= sin /4 sin X
= 1/\2 sin x [since, since w/4 = 1/\2]
=RHS
Hence proved.

13. 1 + cos? 2x = 2 (cos* x + sin* x)

Solution:

Let us consider LHS:

1 + cos? 2x

We know, cos2x = cos? x — sin? x

cos?x +sin’x = 1

S0,

1 + cos? 2x = (cos? x + sin? x) 2 + (cos? x — sin® x) ?
= (cos* x + sin* x + 2 cos? x sin? x) + (cos* x + sin* x — 2 cos? x sin® x)
= cos* x + sin® x + cos* x + sin* x
=2 cos* x + 2 sin* x
=2 (cos* x + sin* x)
=RHS

Hence proved.

14. cos® 2x + 3 cos 2x = 4 (cos® x — sin® x)
Solution:
Let us consider RHS:
4 (cos® x — sin® x)
Upon expansion we get,
4 (cos® x — sin® x) = 4 [(cos? x)* — (sin® x)’]
=4 (cos? x —sin? x) (cos* x + sin? x + cos? x sin? x)
By using the formula,
a’ —b* = (a-b) (a®> + b> + ab)
=4 cos 2x (cos* x + sin* x + cos? x sin? x + cos? x sin® X — cos? X sin
We know, cos 2x = cos? x — sin® x
So,
=4 cos 2x (cos* x + sin* x + 2 cos? x sin® x - cos? x sin? x)
=4 cos 2x [(cos? x)? + (sin? x)? + 2 cos? X sin® X - cos? x sin® X]
We know, a? + b? + 2ab = (a + b)?
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=4 cos 2x [(1)? — 1/4 (4 cos?® x sin® x)]
=4 cos 2x [(1)? — 1/4 (2 cos x sin x)?]
We know, sin 2x = 2sin X coS X
=4 cos 2x [(1%) — 1/4 (sin 2x)?]
=4 cos 2x (1 — 1/4 sin? 2x)
We know, sin®> x = 1 — cos? x
=4 cos 2x [1 — 1/4 (1 — cos? 2x)]
=4 cos 2x [1 — 1/4 + 1/4 cos? 2x]
=4 cos 2x [3/4 + 1/4 cos? 2x]
=4 (3/4 cos 2x + 1/4 cos® 2x)
=3 cos 2x + cos® 2x
= cos® 2x + 3 cos 2x
=LHS
Hence proved.

15. (sin 3x + sin x) sin x + (cos 3x — cos x) cos x =0
Solution:
Let us consider LHS:
(sin 3x + sin x) sin X + (cos 3x — €os X) oS X
= (sin 3x) (sin x) + sin® x + (cos 3x) (cos x) — cos? x
= [(sin 3x) (sin x) + (cos 3x) (cos x)] + (sin? x — cos? x)
= [(sin 3x) (sin x) + (cos 3x) (cos x)] — (cos? x — sin® X)
= cos (3x —X) — cos 2x
We know, cos 2x = cos? x — sin® X
cos A cos B + sin A sin B = cos(A — B)
So,
= COS 2X — €0S 2x
=0
=RHS
Hence Proved.

16. cos® (/4 - x) — sin® (/4 - x) = sin 2x

Solution:

Let us consider LHS:

cos? (n/4 - xX) — sin? (n/4 - x)

We know, cos? A —sin® A = cos 2A

So,

cos? (m/4 - x) — sin? (1/4 - x) = cos 2 (n/4 - x)
= cos (1/2 - 2x)
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= sin 2x [since, cos (/2 - A) = sin A]
=RHS
Hence proved.

17.cos 4x =1 —8 cos* x + 8 cos* x

Solution:

Let us consider LHS:

cos 4x

We know, cos 2x =2 cos® x — 1
So,

cos 4x =2 cos® 2x — 1
=2(2 cos?2x—1)2 -1
=2[(2 cos? 2x) 2+ 12— 2x2 cos? x] — 1
=2(4 cos* 2x + 1 -4 cos* x) — 1
=8 cos*2x +2 -8 cos? x — 1
=8 cos*2x + 1 —8 cos® x
= RHS
Hence Proved.

18. sin 4x = 4 sin x cos® x — 4 cos x sin> x
Solution:
Let us consider LHS:
sin 4x
We know, sin 2x = 2 sin X c0S X
cos 2x = cos? x — sin® x
So,
sin 4x = 2 sin 2x cos 2X
=2 (2 sin x cos X) (cos® x — sin? x)
=4 sin x cos x (cos® x — sin? x)
= 4 sin x cos’ X — 4 sin® x cos x
= RHS
Hence proved.

19. 3(sin x — cos x) * + 6 (sin x + cos x) > + 4 (sin® x + cos® x) = 13
Solution:

Let us consider LHS:

3(sin x — cos x)* + 6 (sin x + cos x) 2 + 4 (sin® x + cos® x)

We know, (a + b)®> = a? + b? + 2ab

(a—b)y>=a%+b%-2ab
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a’+b’*=(a+b)(a’>+b’>—-ab)
So,
3(sin X — cos x)* + 6 (sin x + cos x) % + 4 (sin® x + cos® x) = 3 {(sin x — cos x)2}? + 6 {(sin
x)? + (cos x)? + 2 sin x cos x)} + 4 {(sin? x)* + (cos? x)*}
= 3{(sin x) 2 + (cos x)? — 2 sin X
cos x)}2 + 6 (sin? x + cos? x + 2 sin x cos X) + 4{(sin® x + cos? x) (sin* x + cos* x — sin® x
cos? x)}
=3(1 -2sinxcosx)2+6 (1 +

2 sin x cos x) + 4{(1) (sin* x + cos* x — sin” x cos? x)}
We know, sin® x + cos> x = 1
So,

=3{12+ (2 sinx cos x) > — 4 sin x
cos x} + 6 (1 + 2 sin x cos x) + 4{(sin? x)? + (cos? x)? + 2 sin® x cos? x — 3 sin? x cos® x)}

=3{1 + 4 sin® x cos® X — 4 sin x
cos x} +6 (1 + 2 sin x cos x) + 4{(sin? x + cos? x)? — 3 sin® x cos® x)}

=3+ 12 sin* x cos? x — 12 sin x
cos X + 6 + 12 sin x cos x +4{(1)*> - 3 sin® x cos” x)}

=9+ 12sin’xcos’ x +4(1 -3
sin” x cos? x)

=9+ 12sin’x cos’ x +4—12
sin? x cos? x

=13

=RHS
Hence proved.

20. 2(sin® x + cos® x) — 3(sin* x + cos* x) + 1 =0
Solution:
Let us consider LHS:
2(sin® x + cos® x) — 3(sin* x + cos* x) + 1
We know, (a + b)> =a%+b? + 2ab
a’+b’>=(a+b)(a+b’>-ab)
So,
2(sime x + co8® x) — 3(sin* x + cos* x) + 1 = 2{(sin® x) ® + (cos? x) 3} — 3{(sin? x) 2 +
Uos Ssle 1
= 2{(sin® x + cos? x) (sin* x + cos* x — sin? x
cos? x} — 3{(sin? x) 2 + (cos? x) 2 + 2sin? X cos? x — 2sin® x cos? x} + 1
=2{(1) (sin* x + cos* x + 2 sin? x cos® x — 3
sin? x cos? x} — 3{(sin? x + cos? x)2 — 2sin? x cos? x} + 1

Trigonometric Functions at Multiples and Submultiples of an Angle
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We know, sin®> x + cos?x = 1
=2{(sin? x + cos? x)%2 — 3 sin? x cos? x} — 3 {(1)*> -
2sin? x cos? x} + 1
=2{(1)*> -3 sin® x cos? x} — 3(1 — 2sin? x cos? x) + 1
=2(1 -3 sin? x cos? x) —3 + 6 sin? x cos? x + 1
=2 — 6 sin® x cos® x — 2 + 6 sin® X cos? X
=0
=RHS
Hence proved.

21. cos® x — sin® x = cos 2x (1 — 1/4 sin” 2x)
Solution:
Let us consider LHS:
cos® x — sin® x
We know, (a +b)?=a” +b? + 2ab
a’—b*=(a—b) (a®>+b*+ab)
So,
cos® x — sin® x = (cos? x)* — (sin? x)*
= (cos? x — sin? x) (cos* x + sin? x + cos? x sin® x)
We know, cos 2x = cos? X — sin® X
So,
= cos 2x [(cos® x) % + (sin? x) 2 + 2 cos? x sin® x — cos? x sin® x|
= c0s 2x [(cos? x) 2 + (sin? x) 2 — 1/4 x 4 cos® x sin? x|
We know, sin? x + cos? x = 1
So,
= cos 2x [(1)*> — 1/4 x (2 cos x sin x)?]
We know, sin 2x = 2 sin X c0S X
So,
= cos 2x [1 — 1/4 x (sin 2x)?]
=c0s 2x [1 — 1/4 x sin? 2x]
= RHS
Hence proved.

22, tan (/4 + x) + tan (/4 - x) =2 sec 2x
Solution:

Let us consider LHS:

tan (/4 + x) + tan (/4 - x)

We know,
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tan (A+B) = (tan A + tan B)/(1- tan A tan B)
tan (A-B) = (tan A - tan B)/(1+ tan A tan B)
So,
tany + tanx  tany — tanx
tan(% + x) + tan(% —x)=—4 L 4

1- tan}tanx g 1 tanl—‘tanm

We know, tan n/4 =1
S0,
1+tanx 1-—tanx
- 1—tanx+ 1+tanx
(1 +tanx)? + (1 — tanx)?
- (1 —tanx)(1+ tanx)
We know, {a—Db) {a + b) = a>— b?%;
(atbP=a’+bl+2ab&
(a—b)y=a?+bl-2ab
S0,

12 + tan®?x + 2tanx + 12 + tan?x — 2 tanx
- 12 < tap®x
1+tan’x+1+tan?x
- I'Sytari%s
2(1 +tan?x)
T 1 —tan?x

We know, tan x = sin x/cos x

So,
. 2
sinx
iy 2 (1 + (cosx )
e (sinx 2
COSX
¥
sin“x
_ 2 (1 & coszx)
. sin?x
COS2X
5 cos?x + sin?x
COS2x
cos2x — sin?x
cos2x
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We know, cos? x +sin? x =1 & cos 2x = cos? X — sin? x
So,
2 (#2
COS%X
cos2x
C0s%x
2
" cos 2x
=2 sec 2x (since, 1/c0s2X = sec 2X)
= RHS

Hence proved.
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Prove that:

1. sin 5x = 5 sin x — 20 sin® x + 16 sin® x
Solution:

Let us consider LHS:

sin 5x

Now,

sin 5x = sin (3x + 2x)

But we know,
Sin(x+y)=sinxcosy+cosxsiny.....(1)

So,
sin 5x = sin 3x cos 2x + cos 3x sin 2x

= sin (2x + x) cos 2x + cos (2x + x) sin 2X........ (11)
And

cos(x+y)=cosxcosy—sinxsiny...... (111)

Now substituting equation (1) and (ii1) in equation (i1), we get

sin 5x = (sin 2x cos X + c0s 2x sin X ) cos 2x + ( cos 2x ¢c0s X — sin 2x sin X) sin 2X
= sin 2x c0s 2x ¢os X + cos? 2x sin x + (sin 2x cos 2x cos X — sin® 2x sin x)

= 2sin 2x cos 2x ¢os X + cos? 2x sin X —sin? 2x sin X ....... (1v)
Now sin 2x = 2sIn X COS X......... (v)
And cos 2x = cos’x — sin’x.......... (vi)

Substituting equation (v) and (vi) in equation (iv), we get
sin 5x = 2(2sin x cos x) (cos*x —sin’x) cos x + (cos*x — sin®x)*sin x — (2sin x cos x)?sin x
= 4(sin x co0s? x) ([1— sin®x] — sin?x) + ([1-sin?x] — sin?x)? sin x — (4sin® x cos? x)sin
X
(as cos?x + sin’x = 1 = cos?x = 1 sin’x)
sin 5x = 4(sin x [1 — sin?x]) (1 — 2sin?*x) + (1 — 2sin’*x)*sin x — 4sin’® x [1 — sin’x]
=4sin x (1 — sin*x) (1 — 2sin®x) + (1 — 4sin’x + 4sin*x) sin x — 4sin® x + 4sin’x
= (4sin x — 4sin’x) (1 — 2sinx) + sin x — 4sin®x + 4sin’x — 4sin? x + 4sin®x
= 4sin x — 8sin*x — 4sin®x + 8sin’x + sin x — 8sin’x + 8sin’x
= 5sin x — 20sin*x + 16sin°x
= RHS
Hence proved.

2. 4 (cos’ 10° + sin’ 20°) = 3 (cos 10° + sin 20°)
Solution:
Let us consider LHS:
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4 (cos® 10° + sin® 20°)

We know that, sin 60° = 3/2 = cos 30°
Sin 30%= cos 60° = 1/2

So,

Sin (3%20°) = cos (3x10°)

3sin 20°— 4sin320° = 4¢0s*10° — 3cos 10°

(we know, sin 30 = 3sin 6 — 4sin’® 6 and cos 360 = 4¢0s’0 — 3¢cos0)

So,

4(cos’10°+sin*20°) = 3(sin 20°+cos 10°)

=RHS

Hence proved.

3. cos® x sin 3x + sin® x cos 3x = 3/4 sin 4x

Solution:

We know that,

cos 30 = 4¢0s%0 — 3cos0

So, 4 cos*0 = cos30 + 3cosh

cos® 0 =[cos30 + 3cos0]/4 ...... (1)

Similarly,

sin 30 = 3sin O — 4sin’ 0

4 sin®0 = 3sinf — sin 30

sin*0 = [3sin® — sin 30]/4 ........ (11)

Now,

Let us consider LHS:

cos’ x sin 3x + sin® x cos 3x

Substituting the values from equation (1) and (i1), we get

cos® x sin 3x + sin® x cos 3x = (cos 3x + 3 cos x)/4 sin 3x + (3sin x — sin 3x)/4 cos 3x
= 1/4 (sin 3x cos 3x + 3 sin 3x cox x + 3sin x cos 3x — sin 3x cos 3x)
= 1/4 (3(sin 3x cos x + sin x cos 3x) + 0)
= 1/4 (3 sin (3x + x))
(We know, sin(x +y) = sin X cos y + c0s X sin y)
= 3/4 sin 4x
= RHS

Hence proved.

4. sin 5x = 5 cos* x sin x — 10 cos? x sin® x + sin® x
Solution:

Let us consider LHS:

sin 5x
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Now,

sin 5x = sin (3x + 2x)

But we know,

Sin(x +y)=sinxcosy+cosxsiny.....(1)

So,
sin 5x = sin 3x cos 2x + cos 3x sin 2x
= sin (2X + X) cos 2x + cos (2x + X) sin 2X........ (11)
And
cos(x+y)=cosXcosy—sinxsiny...... (111)

Now substituting equation (1) and (i11) in equation (i1), we get
sin 5x = (sin 2x cos X + cos 2x sin X ) cos 2x + ( cos 2xX cos X — sin 2x sin X) sin 2X ... (iv)

Now sin 2x = 2sin X COS X.......... (v)
And cos 2x = cosZx — sin’x......... (vi)
Substituting equation (v) and (vi) in equation (iv), we get
sin 5x = [(2 sin x cos x) cos x + (cos*x — sin’x) sin x] (cos’x — sin’*x) + [(cos’x — sin’x)
cos X — (2 sin x cos x) sin x)] (2 sin x cos X)

=[2 sin x cos? X + sin x cos’x — sin’x] (cos’x — sin’x) + [cos*x — sin’x cos X — 2
sin” x cos x] (2 sin x cos X)

= c0s’x [3 sin x cos? x — sin’x] — sin?x [3 sin x cos? x — sin®x] + 2 sin x cos’x — 2
sin’® x cos? x — 4 sin® x cos? x

=3 sin x cos* x — sin*x cos’x — 3 sin® x cos? x — sin’x + 2 sin x cos*x — 2 sin® x
cos? x — 4 sin® x cos? x

= 5 sin x cos* x —10sin’*xcos*x +sin’x

= RHS
Hence proved.

5. sin 5x = 5 sin x — 20 sin® x + 16 sin® x

Solution:
Let us consider LHS:
sin 5x
Now,
sin 5x = sin (3x + 2x)
But we know,
Sin(x +y)=sinxcosy+cosxsiny.....(1)
So,
sin 5x = sin 3x cos 2x + cos 3x sin 2x
= sin (2x + x) cos 2x + cos (2x + x) sin 2X........(11)

And
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cos(x+ty)=cosXcosy—sinxsiny...... (111)

Now substituting equation (1) and (i11) in equation (i1), we get

sin 5x = (sin 2x cos X + ¢0s 2x sin X ) cos 2x + ( cos 2X ¢cos X — sin 2x sin X) sin 2x
= sin 2x cos 2x cos X + cos? 2x sin x + (sin 2x cos 2x cos x — sin® 2x sin x)

= 2sin 2x cos 2xX cos X + cos? 2x sin X — sin® 2x sin X ....... (1v)
Now sin 2x = 2sin X COS X......... (v)
And cos 2x = cos*x — sin’x......... (vi)

Substituting equation (v) and (vi) in equation (iv), we get
sin 5x = 2(2sin x cos x) (cos’x —sin’x) cos x + (cos*x — sin?x)? sin x — (2sin x cos x)? sin x
= 4(sin x co0s? x) ([1- sin’x] — sin?x) + ([1-sin?*x] — sin?x)? sin x — (4sin® x cos® x)sin
%
(as cos’x + sin’x = 1 = cos’x = 1 sin’x)
sin 5x = 4(sin x [1 — sin’x]) (1 — 2sinx) + (1 — 2sin*x)?sin x — 4sin® x [1 — sin’x]
= 4sin x (1 — sin®x) (1 — 2sin®x) + (1 — 4sin’*x + 4sin*x) sin x — 4sin’ x + 4sin°x
= (4sin x — 4sin®x) (1 — 2sin?x) + sin x — 4sin*x + 4sin’x — 4sin® x + 4sin’x
= 4sin x — 8sin*x — 4sin*x + 8sin’x + sin x — 8sin’x + 8sin’x
= 5sin x — 20sin*x + 16sin°x
= RHS
Hence proved.

k(3 kL3
7.tanx+tan(§+x) —tan(g—x) = 3Jtan 3x

Solution:
Let us consider LHS:
tanx + tan(% + x) — tan (% - X)

tan1—T+tanx tan1—1—tanx
=tfanx + 3 — 3
= T T
1—tanxtan§ 1+tanxtan§
We know that,
tan(A + B) (tanA+tanB) dtan(A— B) (tanA—tanB)
2 ~\1_tanAtanp/ 2440 “\1+ tanAtnB
So,
A +( \/§+tanx) (v’g—tanx)
=tanx —
1—+3tanx 1+ +3tanx

N (1 + V3tanx)(¥3 + tanx) — (1 — V3 tanx)(v3 — tanx)
(1 - tanx(\/§ )) (1 + tanx(\/g))

=tanx

Trigonometric Functions at Multiples and Submultiples of an Angle
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Simplify and cancel the similar terms of different sign in the above expression
we get,

(0+6tanx+2tanx + 0)
(1—3tan?x) )
8tanx
(1- 3tan2x))

tanx (1 — 3tan?x) + 8tanx
=( (1—3tan?x) )

(tanx— 3tan®x) + 8tanx
- ( (1 —3tan2x) )

9tanx — 3tan®x
- ( (1 —3tan?x) )

3tanx —tan®x

- ({1— 3tan2x))
= 3 tan 3x (since, tan 3x = (3tan x — tan? X)/(1-3 tan? X))

=RIHS
Hence proved.

=tanx+(

=tanx+(
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EXERCISE 9.3 PAGE NO: 9.42

Prove that:
1. sin® 27t/5 — sin® n/3 = (N5 - 1)/8
Solution:
Let us consider LHS:
sin? 27t/5 — sin® /3 = sin? (n/2 - ©/10) — sin® 7/3
we know, sin (90°— A) = cos A
So, sin? (n/2 - n/10) = cos® 7/10
Sin n/3 = V3/2
Then the above equation becomes,
= Cos? /10 — (V3/2)?
We know, cos /10 = \(10+25)/4
the above equation becomes,
= [N(10+2~5)/4]2 — 3/4
=[10 +2V5])/16 — 3/4
=10 +2V5 - 12)/16

= [2V5-2]/16
=[\5-1]/8
= RHS

Hence proved.

2. sin® 24° — sin” 6° = (V5 - 1)/8
Solution:
Let us consider LHS:
sin? 24° — sin? 6°
we know, sin (A + B) sin (A — B) = sin’A — sin’B
Then the above equation becomes,
sin? 24° — sin? 6° = sin (24° + 6°) — sin (24° — 6°)
= sin 30° — sin 18°
= sin 30° — (\'5 - 1)/4 [since, sin 18° = (\/5 - 1)/4]
=1/2x (\N5-1)/4
=5 = 1}/8
=RHS
Hence proved.

3. sin% 42° — cos* 78° = (\/5 +1)/8
Solution:
Let us consider LHS:
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sin? 42° — cos? 78° = sin? (90° — 48°) — cos? (90° — 12°)
= cos” 48° — sin? 12° [since, sin (90 - A) = cos A and cos (90 - A) =sin A]
We know, cos (A + B) cos (A — B) = cos?A —sin’B
Then the above equation becomes,
= cos? (48° + 12°) cos (48° — 12°)
= cos 60° cos 36° [since, cos 36° = (V5 + 1)/4]
=12 x (N5 + 1)/4
=(W5+1)8
=RHS
Hence proved.

4. cos 78° cos 42° cos 36°=1/8
Solution:
Let us consider LHS:
cos 78° cos 42° cos 36°
Let us multiply and divide by 2 we get,
cos 78° cos 42° cos 36° = 1/2 (2 cos 78° cos 42° cos 36°)
We know, 2 cos A cos B =cos (A + B) + cos (A —B)
Then the above equation becomes,
= 1/2 (cos (78° + 42°) + cos (78° — 42°)) x cos 36°
= 1/2 (cos 120° + cos 36°) x cos 36°
= 1/2 (cos (180° — 60°) + cos 36°) x cos 36°
= 1/2 (-cos (60°) + cos 36°) x cos 36° [since, cos(180° — A) =— A]
= 1/2 (-1/2 + (N5 + 1)/4) (V5 + 1)/4) [since, cos 36° = (N5 + 1)/4]
= 1/2 (V5 + 1 - 2)/4 (N5 + 1)/4)
=172 (V5 - 1)/4) (5 + 1)/4)
=172 (V5)% - 12)/16
=1/2(5-1)/16
=1/2 (4/16)
=1/8
=RHS
Hence proved.

5. cos @/15 cos 2n/15 cos 4n/15 cos 7Tn/15=1/16
Solution:
Let us consider LHS:
cos /15 cos 2n/15 cos 4n/15 cos 7n/15
Let us multiply and divide by 2 sin /15, we get,
=[2 sin /15 cos w/15] cos 2n/15 cos 4n/15 cos 7n/15]/ 2 sin /15
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We know, 2sin A cos A =sin 2A
Then the above equation becomes,
= [(sin 27/15) cos 27/15 cos 4n/15 cos 7n/15]/ 2 sin /15
Now, multiply and divide by 2 we get,
=[(2 sin 2@/15 cos 2n/15) cos 4n/15 cos 7n/15] /2 x 2 sin n/15
We know, 2sin A cos A = sin 2A
Then the above equation becomes,
= [(sin 4n/15) cos 4n/15 cos 7n/15] / 4 sin w/15
Now, multiply and divide by 2 we get,
= [(2 sin 4n/15 cos 4n/15) cos 7a/15] /2 x 4 sin w/15
We know, 2sin A cos A = sin 2A
Then the above equation becomes,
= [(sin 8n/15) cos 7n/15]/ 8 sin /15
Now, multiply and divide by 2 we get,
=[2 sin 8n/15 cos 7n/15] /2 x 8 sin /15
We know, 2sin A cos B = sin (A+B) + sin (A-B)
Then the above equation becomes,
= [sin (8n/15 + 7n/15) + sin (8a/15 - Tn/15)] / 16 sin w/15
= [sin () + sin (n/15)] / 16 sin w/15
=[0 + sin (n/15)] / 16 sin ©/15
=sin (n/15) / 16 sin /15
=1/16
=RHS
Hence proved.



