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Review of Cartesian System of Rectangular Co-ordinates

WISDOMISING KNOWLEDGE

EXERCISE 22.1 PAGE NO: 22.12

1. If the line segment joining the points P(x1, y1) and Q(x2, y2) subtends an angle a at
the origin O, prove that : OP. OQ cos a = x1 X2 + y1 y2.

Solution:

Given,

Two points P and Q subtends an angle a at the origin as shown in figure:

Q(x2,y2)

» O(x1, y1)

From figure we can see that points O, P and Q forms a triangle.
Clearly in AOPQ we have:
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OPZ +0Q?-PQ?
20P.0Q  {from cosine formula}
2 OP.OQ cos a = OP2 + OQ? —PQ? ... equation (1)
We know that the, coordinates of O are (0,0) = x;=0and y2=0
Coordinates of P are (X1, vi) = x1=x1 and y1 = yi
By using distance formula we have:

OP = \/(Xz — 2 P+ — )

=~./(X1 — a2 iy — )P

—Vxi+yi
Similarly, 0Q = V(X2 = 0)? + (y2 = 0)?

VX3 +y;

And,PQ= V(x2 —%1)2+ (¥, —y1)?
4 OP2+0Q2-PQ2=Xi +¥i+ x5 +y; —{(x, = %)%+ (y2 = y1)*)
By using (a-b)2 = a2 + b2 —2ab
5 OP2 + OQ? - PQ? = 2x1 X2 + 2y1 vz .... Equation (2)

So now from equation (1) and (2) we have:
20P.0Qcosa = 2x,X, + 2V, V>

OP.0OQcosa = XX, + ¥1V2
Hence Proved.

cosa =

2. The vertices of a triangle ABC are A(0, 0), B (2, -1) and C (9, 0). Find cos B.
Solution:

Given:

The coordinates of triangle.

From the figure,
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By using cosine formula,
In AABC, we have:
AB24BC?-AC?
cos B= 2ABBC
Now by using distance formula we have:

AB=V(2—-0Z+(-1-0)2=V5
BCc=v(@—-2)2+(0—-(-D)% =v72+ 12 =50
And, AC=v(9—0)2+(0-0)2=9

Now substitute the obtained values in the cosine formula, we get

(V5)" +(y50)°—9*  ss-s1  -—26 _ -13
~cosB= 245450 T 24542x25 10410 S5V10

3. Four points A (6, 3), B (-3, 5), C (4, -2) and D (x, 3x) are given in such a way

ADBC 1
that AABC 2/ find x.
Solution:
Given:
The coordinates of triangle are shown in the below figure.
ADBC 1
Also, AABC~ 2
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Now let us consider Area of a APQR
Where, P(x1, y1), Q(X2, y2) and R(X3, y3) be the 3 vertices of APQR.
So, Area of (APQR) = %2 [X1(y2 — y3) + Xa(ys — y1) + x3(y1 — y2)]
1
Area of (ADBC) = 2 [x(5 —(—2)R+ (—R—Z— 3x) + 4(3x —5)]

_2[7x+ 6 +9x + 12x— 20] = 14x — 7

Similarly, area of{AABC)=§[6(5 —(=2)) + (-=3)(-2-3) + 4(3-5)]

=%[42+15—8] =;9= 245

ADBC 1 14x-7
LBABC 2 245
24.5=28x—14
28x =38.5
x =38.5/28

28, S

4. The points A (2, 0), B (9, 1), C (11, 6) and D (4, 4) are the vertices of a
quadrilateral ABCD. Determine whether ABCD is a rhombus or not.
Solution:

Given:

The coordinates of 4 points that form a quadrilateral is shown in the below figure
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C=(11,6)

12 W J 16

Now by using distance formula, we have:
AB=vV(9—2)2+(1-0)2=V72+1 =50

BC=+v(11—9)2+(6—1)2 = V2 + 57Q, /29
It is clear that, AB # BC [quad ABCD does not have all 4 sides equal. ]
~ ABCD is not a Rhombus
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1. Find the locus of a point equidistant from the point (2, 4) and the y-axis.
Solution:

Let P (h, k) be any point on the locus and let A (2, 4) and B (0, k).
Then, PA = PB
PA? = PB?

By using distance formula:
Distance of (b, k) from (2, 4) = v (h —2)2 + (k— 4)?

Distance of (h, k) from (0, k) = Y —-0)2+(k—k)?
So both the distances are same.

2@ —2)2+ (k- 492 =/(h—0)2+ (k—Kk)?

By squaring on both the sides we get,
(h-2)2+(k—49* =(h—0)%+ (k—Kk)?
h*+4—4h+k*—8k+16=h%*+0
k?—4h—-8k+20=0

Replace {h, k) with (x, y)

<+ The locus of point equidistant from (2, 4) and y-axis is
y2—4x—8y+20=0

2. Find the equation of the locus of a point which moves such that the ratio of its
distance from (2, 0) and (1, 3) is 5: 4.

Solution:

Let P (h, k) be any point on the locus and let A (2, 0) and B (1, 3).

So then, PA/ BP = 5/4

PA?=BP?=25/16

Distance of (h, k) from (2, 0) = v (h — 2)2 + (k— 0)2

Distance of (h, k) from (1, 3) = Vh-1)2+ (k- 3)2
So,

Jh—-22+(k-0)2 5

Jh-12+(k-3)2 4

By squaring on both the sides we get,
16{(h—2)2+k?}=25{(h—1)2 + (k—3)?}

16{h* + 4 — 4h + k*} = 25(h* — 2h + 1 + k* — 6k + 9}
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9h? + 9k? + 14h — 150k + 186 = 0

Replace (h, k) with (X, y)

- The locus of a point which moves such that the ratio of its distance from (2, 0)
and (1, 3) is 5: 4 which is

9x% + 9y? + 14x — 150y + 186 = 0

3. A point moves as so that the difference of its distances from (ae, 0) and (-ae, 0) is
2a, prove that the equation to its locus is

X 3

—-—==1

a &  whereb?=a2a%(e?-1).
Solution:

Let P (h, k) be any point on the locus and let A (ae, 0) and B (-ae, 0).
Where, PA —PB =2a

Distance of (h, k) from (ae, 0) = v (h —ae)?+ (k—0)?

Distance of (h, k) from (-ae, 0) = v (h — (=ae))* + (k- 0)?
So,

Jh—ae)Z+ (k—0)Z — J(h—(—ae))2+ (k—0)2 = 2a
J(h—ae)2+ (k—0)2 =2a+ /(h+ae)?+ (k—0)2
By squaring on both the sides we get:
2
(h—ae)?+ (k—0)2 = { 2a+ /(h+ae) + (k— 0)2}
= h? + a%e? — 2aeh + k? = 4a” + {(h + ae)? + k?} + 4a,/(h + ae)2 + (k— 0)>2
= h? + a%e? — 2aeh + k?
= 4a” + h? + 2aeh + a’e? + k? + 4a,/(h + ae)2 + (k— 0)2
—4aeh — 4a%? = 4a,/(h+ ae)2+ (k— 0)2
—4a(eh+ a) = 4a,/(h+ ae)2+ (k— 0)2
Now again let us square on both the sides we get,
(eh + a)? = (h + ae)?* + (k - 0)?
e?h? + a% + 2aeh = h? + a%e? + 2aeh + k?
W (e2-1)-k2=a2 (- 1)
2

wo__k
a?  a’(e2 —1)
n? E

o 1 [wh&?"&,bz — a’(e® - 1)]
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Now let us replace (h, k) with (x, y)
The locus of a point such that the difference of its distances from (ae, 0) and (-ae, 0) is 2a.

:\; '\'2
——-5=1
a” b Where b*>=a%(e’*- 1)

Hence proved.

4. Find the locus of a point such that the sum of its distances from (0, 2) and (0, -2) is
6.

Solution:

Let P (h, k) be any point on the locus and let A (0, 2) and B (0, -2).

Where, PA-PB =6

Distance of (h, k) from (0, 2) = v (h — 0)2 + (k— 2)2
Distance of (h, k) from (0, -2) = v (h —0)% + (k— (=2))?
So,
Jh)2+ (k—2)2 + J(h)2+ (k+2)2 =6
J)Z+ (k—2)2 =6 —/(h)2+ (k+ 2)2
By squaring on both the sides we get,
2

h?+ (k—2)2 = { 6— JhZ+ (k+ 2)2}
=h?+4—4k+k*> =36+ {h? + k® + 4k + 4} — 12\/hz + (k + 2)2
= —8k— 36 = —12,/h2 + (k + 2)2
- —4(2k+9) = —12y/h2 + (k+ 2)2
Now, again let us square on both the sides we get,

2
(2k+9)% = {3/h? + (k+2)?}
4k? + 81 + 36k = 9(h? + k* + 4k + 4)
9h? + 5k? = 45
By replacing (h, k) with (x, y)

<+ The locus of a point is
9x? + 5y? = 45

5. Find the locus of a point which is equidistant from (1, 3) and x-axis.
Solution:

Let P (h, k) be any point on the locus and let A (1, 3) and B (h, 0).

Where, PA = PB
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Distance of (h, k) from (1, 3) = v (1 — 12 + (k- 3)?

Distance of (h, k) from (h, 0) = Y —h)2+(k—0)2
It is given that both distance are same.

So,

Jh—1D2+(k-3)2=,/(h—h)2+ (k—0)2

Now, let us square on both the sides we get,
(h—1)?+(k—-3)2=(h—h)?+ (k—0)?
h2+1—-2h+k*—6k+9=k*+0
h?—2h—6k+10=0

By replacing (h, k) with (x, y),

. The locus of point equidistant from (1, 3) and x-axis is
x2—2x—6y+10=0

6. Find the locus of a point which moves such that its distance from the origin is
three times is distance from x-axis.
Solution:

Let P (h, k) be any point on the locus and let A (0, 0) and B (h, 0).
Where, PA = 3PB

Distance of (h, k) from (0, 0) = v (h — 0)2 + (k— 0)2

Distance of (h, k) from (h, 0) = v (h —=h)2 + (k— 0)2
So, where PA = 3PB
~J(h—0)2+(k—-0)2=3,/(h—h)2+ (k—0)2
Now by squaring on both the sides we get,

h? + k2 = 9k?

h? = 8k?

By replacing (h, k) with (x, y)

=~ The locus of point is x*> = 8y?
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1. What does the equation (x — a)2 + (y — b) 2 = r? become when the axes are
transferred to parallel axes through the point (a-c, b)?

Solution:

Given:

The equation, (x —a)2+ (y —b)2 =12

The given equation (x — a)? + (y — b)?> = 12 can be transformed into the new equation by
changing x by x —a + ¢ and y by y — b, i.e. substitution of x by x + aand y by y + b.
(x+a-c)—a)+((y-b)-by=r’

(Z=ef +y¥ =1~

% + ¢ — Zox + 9 =4°

x2+y?-2cx=12-c?

Hence, the transformed equation is x* + y? -2cx =12 - ¢?

2. What does the equation (a — b) (x*> + y?) — 2abx = 0 become if the origin is shifted
to the point (ab / (a-b), 0) without rotation?

Solution:

Given:

The equation (a — b) (x> + y?) — 2abx =0

The given equation (a — b) (x> + y?) — 2abx = 0 can be transformed into new equation by
changing x by [X + ab/(a-b)] and y by Y

(a — ) l(X+ a‘f’b)2+yz] — 2ab x (X+ a“_bb) =0

Upon expansion we get,

2 272
(a-b)| X%+ ab22+2ub'X+Y2 —2abX—Qab =10
(a—1b) a—b a—b
Now let us simplify,
252 2
P " S a’b B _ 220
(@—b)(X*+Y") + — +2abX — 2abX — —— =10
252
CBV(X2 YRy 80
(a—b)(X?+Y7?) -3 ="

By taking LCM we get,
(a — b)° (X2 +Y?) =a®
Hence, the transformed equation is (a —b)2 (X2 + Y2) = a2 b?

3. Find what the following equations become when the origin is shifted to the point
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(1, 1)?

(x> +xy-3x—-y+2=0

(i) x> —y*—2x +2y =0

(iii) xy - x—-y+1=0

(iv)xy—-y*—-x+y=0

Solution:

(x> +xy-3x—-y+2=0

Firstly let us substitute the value of xby x + 1 and y by y + 1
Then,

(x+ 12+ (x+1) (y+ 1) =3(x+ 1) = (y+1)+2=0
>+ 1+2x+xy+x+y+1-3x—-3~-y-1+2=0
Upon simplification we get,

x2+xy=0

= The transformed equation is x* + xy = 0.

(i) x2—y*-2x+2y=0

Let us substitute the value of x by x+ 1 and yby y + 1
Then,

(x+ 12— (y+ 12 —2(x+ 1)+ 2(y + 1) =0

X2+ 1+2x-y?—1-2y—-2x-2+2y+2=0

Upon simplification we get,

x2-y*=0

= The transformed equation is x* - y* = 0.

(iii)) xy —x—-y+1=0

Let us substitute the value of xby x+ 1 andybyy +1
Then,

xt+tDHy+H-x+1)-(y+1)+1=0
xy+tx+y+1l-x—-1-y-1+1=0

Upon simplification we get,

xy =0

= The transformed equation is xy = 0.

(iv)xy—y*—-x+y=0

Let us substitute the value of x by x+ 1 and y by y + 1
Then,

x+D)y+D)-(y+1D)P?-x+D)+(y+1)=0

Xy +x+y+1—-9—1-2y-x—-1+y+1=0

Upon simplification we get,
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xy-y?=0
= The transformed equation is xy - y> = 0.

4. At what point the origin be shifted so that the equation x> + xy — 3x + 2 = 0 does
not contain any first-degree term and constant term?

Solution:

Given:

The equation x>+ xy —3x+2 =0

We know that the origin has been shifted from (0, 0) to (p, q)

So any arbitrary point (x, y) will also be converted as (x + p, y + q).

The new equation is:

(x+pP’+(x+py+q-3(x+p)+2=0

Upon simplification,

x2+p?+2px+xy+py+qx+pq-3x—-3p+2=0
x2+xy+x(2p+q-3)+y(q-1)+p*+pq-3p—-q+2=0

For no first degree term, we have 2p +q-3=0andp—1=0, and

For no constant term we have p> +pq—3p-q+2=0.

By solving these simultaneous equations we have p =1 and q = 1 from first equation.
The values p =1 and q = 1 satisfies p* + pq —3p-q+2=0.

Hence, the point to which origin must be shifted is (p, q) = (1, 1).

S. Verify that the area of the triangle with vertices (2, 3), (5, 7) and (-3 -1) remains
invariant under the translation of axes when the origin is shifted to the point (-1, 3).
Solution:
Given:
The points (2, 3), (5, 7), and (-3, -1).
The area of triangle with vertices (x1, y1), (X2, y2), and (x3, y3) 1S
= 72 [x1(y2 — y3) + xa(y3 -y1) + X3(y1 — y2)]
The area of given triangle = 72 [2(7+1) + 5(-1-3) — 3(3-7)]
=116 —-20 + 12]
=1 (8]
=4
Origin shifted to point (-1, 3), the new coordinates of the triangle are (3, 0), (6, 4), and (-
2, -4) obtained from subtracting a point (-1, 3).
The new area of triangle = 2 [3(4-(-4)) + 6(-4-0) — 2(0-4)]
= Y5 [24-24+8]
=% (8]
=4
Since the area of the triangle before and after the translation after shifting of origin
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remains same, 1.€. 4.
~ We can say that the area of a triangle is invariant to shifting of origin.



