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Exercise 6.1 Page No: 197

1. Find the rate of change of the area of a circle with respect to its radius r when (a)
r=3cm (b)r=4cm

Solution: Consider x denote the area of the circle of radius r. Area
of circle, x = r"2

And, Rate of change of area x w.r.t. r is

dx

ml2r)=2mar

dr I: j

(@ r=3cm

& _22(3)=61

ar sg. cm
(b)r=4cm

& _2x(4)=87

ar sg. cm

2. The volume of a cube is increasing at the rate of 8 cm®/sec. How fast is the surface
area increasing when the length of an edge is 12 cm?

Solution: Consider a side of the cube be x cm.

Rate of increase of volume of cube = 8 cm3/sec

d d 3
—(xxx)=—|x"}

= a"z.'l: ) a’r[‘ :
31‘J£_l=8

— dt

@_ 8

_ - .
e 3x (1)

Consider ¥ be the surface area of the cube, i.e., ¥ =%
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v d 5
—":5—_."{‘

Rate of change of surface area of the cube = 4 ar

= X X cm?sec

Put * =12 cm (Given)

dv 32 8
d 12 3 cm?sec
ay 8
As, 4t is positive, therefore surface area is increasing at the rate of 3 cm?/sec.
3. The radius of the circle is increasing uniformly at the rate of 3 cm per second.

Find the rate at which the area of the circle is increasing when the radius is 10 cm.
Solution: Consider x cm be the radius of the circle at time t.

Rate of increase of radius of circle =3 cm/sec
ax
= dt s positive and equal to 3 cm/sec Consider

y be the area of the circle.

-

= y=7ar
ay d
) - .-'"-L'-—_.T
-~ Rate of change of area of circle = @t ar =
ax
Tlx—= 2:!3.’(3)
= ar

|
=
Y,
o
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Put x = 10 cm (given),
v
7 = 67(10) =607 .
dv
As, dr is positive, therefore surface area is increasing at the rate of 607 cm?/sec.

4. An edge of a variable cube is increasing at the rate of 3 cm per second. How fast
is the volume of the cube increasing when the edge if 10 cm long?

Solution: Consider x cm be the edge of variable cube at time t.

Rate of increase of edge = 3 cm/sec
Pris
= dt s positive and = 3 cm/sec

Consider y be the volume of the cube.
= y=x

dv :
J min N _'|L"'-

Therefore, Rate of change of volume of cube = 4t &t =

5 dx -
3xT —=3x"(3
= ! dt ! I::l

= 9" cmd/sec

Put * =10 cm (Given)

dy .

4 9110) =900 _ cmd/sec

d_}'

As, 4t is positive, therefore volume of cube is increasing at the rate of 900 cm?/sec.
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5. A stone is dropped into a quite lake and waves move in circles at the rate of 5
cm/sec. At the instant when radius of the circular wave is 8 cm, how fast is the enclosed
area increasing?

Solution: Consider x cm be the radius of the circular wave at time t.

Rate of increase of radius of circular wave = 5 cm/sec
dx
4t s positive and = 5 cm/sec

Consider y be the enclosed area of the circular wave.

-

V=%
av d
— .-'"-L'-—_.T

Rate of change of area = &r ar =

dx
m2x—=2mx(3

=) o

Put * =8 cm (Given)

ﬂ:‘:l.'

g 1078)=807 _ cm?/sec

d-'l.'

As, 4t is positive, therefore area of circular wave is increasing at the rate of 807 cm2/sec.

6. The radius of acircle is increasing at the rate of 0.7 cm/s. What is the rate of its
circumference?

Solution: Consider x cm be the radius of the circle at time t.

Rate of increase of radius of circle = 0.7 cm/sec
ax

= dr is positive and = 0.7 cm/sec
Consider y be the circumference of the circle.

= v=2Tx
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Rate of change of circumference of circle = &t

7Td'r
2T—: S
= at 27(07 ) =

= 147 cm/sec

7. The length * of arectangle is decreasing at the rate of 5 cm/minute. When * =8
cm and ¥ =6 cm, find the rates of change of (a) the perimeter and (b) the area of the
rectangle.

Solution: Given: Rate of decrease of length * of rectangle is 5 cm/minute.
fri's
dt is negative = =5 cm/minute

Also, Rate of increase of width ¥ of rectangle is 4 cm/minute

rﬂi'l.'

= dr

IS positive
= 4 cm/minute

(a) Consider “denotes the perimeter of rectangle.
x=2x+2v

_2(-5 (4)=-2 . .
= is negative.
Therefore, perimeter of the rectangle is decreasing at the rate of 2 cm/sec.

(b) Consider z denotes the area of rectangle.

= oV IS positive.
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Therefore, Area of the rectangle is increasing at the rate of 2 cm?/sec.

8. A balloon, which always remains spherical on inflation, is being inflated by
pumping in 900 cubic centimeters of gas per second. Find the rate at which the radius
of the balloon increases when the radius is 15 cm.

Solution: Consider x cm be the radius of the spherical balloon at time t.

ﬂr 'fq' :l-\'
— = TX i:QDD

According to the question, dt'\ 3

AT d

— = ¥ =900

3 dr

AT 32 % _g00
ar

4t == o0
ar

dx 900

dt  Amx

dc 900

dr 4m(15)°

de 900

dr 4m(225)

dc_ 900 1

dar 9007 =m
1

Radius of balloon is increasing at the rate of T cm sec.

9. A balloon, which always remains spherical has a variables radius. Find the rate at
which its volume is increasing with the radius when the later is 10 cm.

— X
Solution: As we know, Volume of sphere, V = 3
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= = 47(10)" = 4007
ax

Therefore, the volume is increasing at the rate of 4007 cm3/sec.

10. Aladder 5 cm long is leaning against a wall. The bottom of the ladder is pulled
along the ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the
wall decreasing when the foot of the ladder is 4 m away from the wall?

Solution: Consider AB be the ladder and length of ladder is 5 cm. So AB =5 cm. Let
C is the junction of wall and ground, let CA = x meters, CB =y meters

So, according to the equation: As x increases, y decreases
fris
and 4r =2cm/s

in AABC.
AC? + BC? = AB? [Using Pythagoras theorem]
R
TAYT=LS (1)
20, % g
dt dt

| R

1’(2]+2}'%:D

When *=4 16+ =25
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yv=3 [From equation(1)]

dv_ —2x4 -8

From equation (2), & 3 3 cmis

11. A particle moves along the curve 6y = x3 + 2, Find the points on the curve at which
the y-coordinate is changing 8 times as fast as the x-coordinate.

Solution: Equation of the curve, 6y =x3+2 .......... (1)
Consider (x, y) be the required point on curve (1)
@ _g
As per the given statements, dx ... ... (2)
6% =3,
From equation (1), &

6x8=3x" [From equation (2)]

; 68

3

x=24 (two values of X)

When *=*
6y =64 +2

v=11

Required point is (4, 11).

When *="%
61 =—64+2
-3l
y=—
3
) —31“:
Required pointis -~ - /.

12. The radius of an air bubble is increasing at the rate of 1/2 cm/s. At what rate is the
volume of the bubble increasing when the radius is 1 cm?
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Solution: Consider x cm be the radius of the air bubble at time t.

As per statement,

adx

b | =

4t s positive =

Therefore, required rate of increase of volume of air bubble is 27T cm?/sec.

3
—(2_1:+1).
13. A balloon which always remains spherical, has a variable diameter 2 Find
the rate of change of its volume with respect to x.

[2_1:+1]

b | e

Solution: Given: Diameter of the balloon =

—I:Z.T+ 1]

e | L

And, Radius of the balloon
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4 73 \?
-—E_—[lx+1L
So, Volume of the balloon = 3 4 )
EE(2_1:+1
= 16 cubic units
av

Now, Rate of change of volume w.r.t. * dxr =

_ %.3[2:{+1)1_é[2x+x]

Py

[ 2
AT 1) 2
_ 76 (3x+)

277 1
— [ 2x+1V
= (2x41)

14. Sand is pouring from a pipe at the rate of 12 cm?3/s. The falling sand forms a cone on
the ground in such a way that the height of the cone is always one-sixth of the
radius of the base. How fast is the height of the sand cone increasing when the
heightis 4 cm?

Solution: Consider the height and radius of the sand-cone formed at time t second be y cm
and x cm respectively.

y=—x
As per the given statement, 6

= x=06y

1,
—axy

Volume of cone (V) = 3

1

Za(6v) v
=3 (62)7
_12my

DN 36

= ay
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ﬁ:ﬂ
Now, As, &t
ARV P
= ay at
36m1 x— =12
= t
a1
= dr 3m
& 1 1

= dr 374" 487 cm/sec

15. The total cost C(x) in rupees associated with the production of x units of an item
given by C(x) = 0.007 x2 — 0.003x? + 15x + 4000. Find the marginal cost when 17 units
are produced.

dC

Solution: Marginal cost = @x
£ (0.007:¢ —0.003 +15x+4000)
ax /

- 0.021x" —0.006x+15

Now, when *=1T.mcis

_ 0.021(17)" =0.006x17 +15

=6.069 — 0.102 + 15 = 20.967
Therefore, required Marginal cost is Rs. 20.97.

16. The total revenue in rupees received from the sale of x units of a product is given by
R(X) = 13x? + 26x + 15.
Find the marginal revenue when x =7.

dR
Solution: Marginal Revenue (MR) = &
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%[’13:6 +26x+15)

= 26x+ 16

Now, when x =7, MR is
=26x7+26 =208
Therefore, the required marginal revenue is Rs. 208.

Choose the correct answer in Exercises 17 and 18.

17. The rate of change of the area of a circle with respect to its radius r atr =6
107 cmis:

127
&r
117

(A)

(B)

(©€)

(D)

Solution:
Option (B) is correct.

Area of circle (A) = o

add

— =1
= ar

2axb6=127

18. The total revenue in Rupees received from the sale of x units of a product is given

by
R(x) =3x? + 36x + 5. The marginal revenue, when x = 15 is:

(A) 116 (B) 96 (C) 90 (D) 126
Solution: Option (D) is correct.

Total revenue R(X) = 3x*> + 36x + 5

2R (x)=6x+36
Marginal revenue = &@x =6x15+36=126
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Exercise 6.2 Page No: 205

1. Show that the function given by f(x) = 3x + 17 is strictly increasing on R.

Solution: Given function: /(¥ =3x+17

Derivate w.r.t x:
Fx)=3(1)+0=3>0 g is, positive for all x € R
Therefore, f(x) is strictly increasing on R.

2. Show that the function given by f(x) = e?* is strictly increasing on R.

Solution: Given function: f(x) = e

F(2)=2e" . A
dx = >0 that is, positive for all x € R

Therefore, f(x) is strictly increasing on R.

3. Show that the function given by f(x) = sin x is
..-"[:I=E".,:=
. I . )
(a) strictly Lo increasing
';.:"I- \L
] _=:.|I o
(b) strictly 2. decreasing in

(c) neither increasing nor decreasing in (0.7).

Solution: Given function; 7 () =sin *

f[x] =cosx

. D
(a) Since, & (x)=cosx 0, that is, positive in 1st quadrant, that is, in -

|

s :_-Il"‘.
) i (%)
Therefore, © “7/ is strictly increasing in ~ <~
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| ;:q‘
=

(b) Since, fi(x)=cosx 0, that is, negative in 2nd quadrant, that is, in “

|=.Jn|5:£|n

Flx) i strictly decreasing in

(c) Since © (x)=cosx 0, that is, positive in 1st quadrant, that is, in - 2. and
T (my, m
f'[:'{jzf_'gg i . . . . . E Tl f E] cos 5 =0
) ~ <0, that is, negative in 2nd quadrant, that is, in * and :

Therefore, 71*) goes not have same sign in the interval (0.7)

so, /(%) is neither increasing nor decreasing in (0.7).

4. Find the intervals in which the function f given by f(x) = 2x2 - 3x is
(a) strictly increasing, (b) strictly decreasing.

Solution: Given function: f(x) = 2x? — 3x

frlx)=tx-3 (1)
Now 4x—=3=0
3
r=—
= 4
[ 3 "3 )
Wy 37
Therefore, we have two intervals - Zand -7
3 N
= |, L
(a) For interval i picking x =1, then from equation (1), =l 5o
3 0)
Therefore, fis strictly increasing in w4
x=0.25,

3 “:

—0o_ — - -
. | N f 3% ) v
(b) For interval - 4) picking ,ther—m—irgm equation (1), fix) o 0.
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Therefore, fis strictly decreasing in

5. Find the intervals in which the function f given by F(x)=2x"=3x"—36x+7 i

(a) strictly increasing,
(b) strictly decreasing.

’ :,.}’3_ s | . . .
) =22 =3x" —36x+ Solution: (a) Given function:

F(x)=6x—6x-36 6[x' —x—6)

f'(l’]:6[1’+2][1’—3] (1)

Now ] [:.T+ 2] [1’—3) =10

.T=_2 or .T=3

The value of x is either -2 or 3.
-, —2).1=2.3 3.
Therefore, we have sub-intervals are (—*.-2).(825) and (3.)
. ) .
For interval picking x = -3, from equation (1),
f(x)=(+0)=(+) 5

|
Therefore, fis strictly increasing in (—=.-2).

For interval (R2.3)- picking x = 2 , from equation (1),

Therefore, f is strictly decreasing in (—2.3).

For interval (3.0). picking x = 4, from equation (1),

Therefore, Fis strictly increasing in (3.%).
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-0, —2 3.00).
So, (a) fis strictly increasing in (==.=2) and (3.)

(b) f s strictly decreasing in (-2.3)-

6. Find the intervals in which the following functions are strictly increasing or
] decreasing:
x +2x-35
10— 62— 2x"
—2x —9x —12x+1
6—9x—x°
(x+1) (x=3)
(a)
(b)
(c)
(d)

(e)
Solution:

(a) Given function:
— f'(l’j=21’+2=2[1’+1] (1)

Now 2(¥+1)=0

= x=-1

. (—.—1) (—1,2¢).
Therefore, we have two sub-intervals and

For interval (-20.-1) picking x = -2, from equation (1), fix)=(-) <0
Therefore, /s strictly decreasing.
For interval (~Le) picking x = 0 , from equation (1), ==+, 0

Therefore, fis strictly increasing.
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(b) Given function: f(x)=10—6x—2x
= f1()=6-4x 2(3+2x) = 1)

2

(=3 (3 )
-0, — — .o |

) \ 2 ) L2 )
Therefore, we have two sub-intervals * and -

i _?'H".
. T2 ) .
For interval - =/ picking x = -2, from equation (1),

Therefore, f is strictly increasing.
=N

—.m® |
For interval w20 picking x = -1, from equation (1),

Therefore, fis strictly decreasing.

B - B T B
(c) Given function: A7) "~ 12+

Derivate w.r.t. X,
f(x)=—6x" ~18x=12

f'(x_fl =—f [:x: +3x+ 2]
[ (1)

Now,

—6 [x+1][x+ 2]

I
o
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f— .
= x=-1 or x=—2

(<0.-2).(2.-1) (L)

- —_n =2
Therefore, we have three disjoint intervals For interval (~. 'J,

from equation (1),

F==0506) (52 <9

Therefore, f is strictly decreasing.

=7 =
For interval (2. lj, from equation (1),

Therefore, f is strictly increasing.

For interval (—L:::]’ from equation (1),

Therefore, f is strictly decreasing.

(d) Given function: f(x)=6-9x—x"
fix)=-9-2x
Now —9-2x=0
-9
X=—
2
—0 If_g x\:
|~ | 5@ .
Therefore, we have three disjoint intervals - 2 and L -/
i _9".,: _9
'_{c=?] X<

For interval - , -

Therefore, fis strictly increasing.

' 0 ‘\: _g
| T: X I - T
For interval =~ 7, -
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Therefore, fis strictly decreasing.

(e) Given function: Sf{x)=(x+1) (*=3)

Fx)= (1) 3(x=3)" +(x=3) 3(x+1)
F(x)=3(x+1) (x=3)" (x+1+x-3)
F(x)=3(x+1) (x=3)" (2x-2)
F(x)=6(x+1) (x=3) (x—1)

(x+D) g (x=3)

Here, factors are non-negative for all x.

Therefore, f(x) is strictly increasing if S1x)=0
x=1=0

x=1
And f(x) i strictly decreasing if © (x)=0
.T—]_ o I:I

xl

So, fis strictly increasing in (L) and f is strictly decreasing in (~e.1).

Ve
y=10glil+x]— — . x=—1
7. Show that 1+x is an increasing function of x throughout its
domain.
2x
}'=lag[l+x]—
Solution: Given function: 1+x

Derivate y w.r.t. X, we have
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a1 (242) L (22) - 262 (2 +x)
2o S 14x)- dx ,
dr 1+ xdx |:2+xj‘
1 B I:2+x 2-2x
1+ x 2+ x)

_l+x (24%)

This implies,

C(2+x) —4(1+x)

id
dr  (1+x)(2+x)

_ (1+x)(2+%)

Domain of the given function is given to be * > —1

= x+1=0

2+ %) )
A|SO I:"+le >0 and x =0

@0

From equation (1), 4x for all x in domain *=—1 and f is an increasing function.

—_f
8. Find the value of x y=px(x "J} for which is an increasing function.

f(_x): =(x{x= 2))

Solution: Given
function:

Derivate y w.r.t. X, we get



WWW.GdIlgl'OOSS.COm

EDUGROSS

WISDOMISING KNOWLEDGE

[Applying Product Rule]

- = 2x[x—2][x+ x—l]

l:x:)

Therefore, we have (=2.0).(0.1).(1.2).(

|:—:::=D

For ™) picking *=-1

f(¥)

is increasing.

For (12) picking *=1.3 ,
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f(x) is decreasing.

~

For ) picking ¥=3

f(x) is increasing.
}':fl—ng_g |:[:|42_r}_
9. Prove that (2 +cos6) is an increasing function of & in

dsiné B
(2+c058]

Solution: Given function:
Derivate y w.r.t. &,
av I:2+ C{}EE?:I Acosf—4sin Slz—sin 5‘)

= - -1
dg [2+c05€j‘

Scos& +4cos? & +4sin’ 8_1
[2+cc+55‘j:

4y Scosf+4(cos’ 8 +sin’é) —(2+c05€j:
de (2+ CDEE}:

-,

8c05§+4—[2+ 1:053]
I:l+|:crs€]:

dv (8cos6+4) —[4+4c058+c05: 8]

. d8 [:2+c05§:|:

c05§(4 —coﬁﬁj
1:2 +cos S]:

o | 5

Since and we have 0=cosf=1 therefore 4 —cosé = 0.
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&

10. Prove that the logarithmic function is strictly increasing on (0.5).

So, y is an increasing function of % in

Solution: Given function: (%) =108
1
£(x) ==
X for all x in (0.52).
Therefore, f(x) is strictly increasing on (0.0).
11. Prove that the f given by f(x)=x"-21 fnction is neither strictly
increasing nor (-1.1)- strictly decreasing on
Solution: Given f(x)=x —x+1 function:
f'(x] =2x—1
f(x) i strictly increasing if 7 %) 7"
2x-1=0
1
x> =
2
i1 0
o . . 31
that is, increasing on the interval =
f(x) is strictly decreasing if f(x)<0
2x—1<0
1
X =
2

that is, decreasing
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. | "
on the interval ~ =~

So, f(x) is neither strictly increasing nor decreasing on the interval (-L.1).

0.Z 1
12. Which of the following functions are strictly decreasing on * '

(Note for users: since intervals are not defined in NCERT class 12 book. So we have used open brackets here)

k2| E
" .

(A) cos x (B) cos 2x (C) cos
f(x)=cosx 3x (D) tanx Solution:

f'(_‘rj =—sif ¥ (A) Let
."-' :_!rl"'.
Since = in " ““ therefore sin x>0
= —sinx =0

{ ;.Jf‘l
() 07
Therefore, © *~/ is strictly decreasingon -~ =~
®B) f(.r] =cos2x
A (1] =—lsinlx
T

0 =xa—
Since 2 O<dx=gm

therefore sinZx=0

= —2sin2x =<0

o) 0,
Therefore, 7 '*/ is strictly decreasing on -

©) f(x)=cos3x
f'[x] =—3sin3x

i
0 —
2

k|

Since
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For D=3x=mT sin3x=0

= —3sin3x =0

' E\\'
Fx) i . 03 )
Therefore, * =/ is strictly decreasing on - -~
o= 3_‘1{-:: 3:1- .
For 2 sin3x<0
—3sin3x =0
(T T
Therefore, 7 (%) ig strictly increasing on 3 2/
0.2
2)

So, f(x) is neither strictly increasing not strictly decreasing on *
() Lot /() =t
f'(m’]=sec:1’ >0

’
[:I=

| s

Therefore, & (*) is strictly increasing on - 2/

f[x) =x" +sin x—1

13. On which of the following intervals is the function f given by is
strictly decreasing:

lﬁ:.'l'_- \ I.- :.'II

27 ey
(A) (0, 1) |) -~ - - (©) (D)

None of these (Note for users: since intervals are not defined in NCERT class 12 book. So we have used open
brackets here)

N0,
Solution: Given function; 7 () =% *sin -1

f'(x] =100x" +cosx
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(A) On (0, 1), *>0 therefore 100x" >0

And for cosx

I:Uj?‘:' nea:rlj_.':I

(O, 1 radian) = >0

Therefore, f(x) is strictly increasing on (0, 1).

i T |
E.

o XE[ 5.7
100~ 7 (B) For
F11 22
EREN .
For ' interval: = (1.5, 3.1) > 1 and So, 100 > 100
.'J;'I_' |
17T
For ““** ~° - isin 2nd quadrant and So, 5 is negative and between —! and 0.

| ;:q‘

Fl) 3T
Therefore, © *7/ is strictly increasing on - /

| E

0

(C) On - 2) = (O, 1.5) both terms of given function are positive.

f m ":
Flx) . o \ | D=EJ
Therefore, is strictly increasingon <~

(D) Option (D) is the correct answer.

14. Find the least value of “a” such that the function f given by f(x)=x"+ac+l strictly

increasing on (1, 2).

=% +ar+1

Solutigh: 7 (%)
Apply derivative:
flzxj =2lx+a

Since f(x) is strictly increasing on (1, 2), therefore f(x)=2x+a >0 forall xin (1, 2)

Oon (1,2) l=x<2
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2=2x=4

24+a=2x+ta<d+a

f'[x_] is < ta

Therefore, Minimum value of and maximum value is 4+ a-

since & =) > 0 for all x in 1, 2)
l+a=0 gpgd+a=0

a=—21 gpnga>—4

Therefore, least value of a is -2.

15. Let | be any interval disjoint from [-1,1] Prove that the function f given by
flx) =x+l
x

is strictly increasing on |I.

Solution: Given function:

Flx) =x+l=x+x_1
X

Apply derivative:
£ =14(-1) =1L =X
X x
£1(x) = (x—1) I;x+1]
X (1)

For every x either *= 1 or *>1

for xo—1 x==-2

=7
Again for, =1, ¥=2
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M 5] - el (—o,ax
Sx) s 0 forall * (. J So, f(x) is strictly increasing on |.
02
16. Prove that the function f given by f(x) = log sin x is strictly increasing on - 2/ and

|
T
]
y

k2| s

strictly decreasing on -

Solution: Given function:
f(x) = log sin x

Apply derivative:
fl(x)= Il isin x=——cosx=cotx
SIO X 6X Sin X
."-' f{!;_!_"".
[:]-_ "

. 1 | . .
On the interval ~ <. that Is, in 1st quadrant,

f'[:x]= cotx 0

{ :_1'“.
F) i O ) (92
Therefore, © “7/ is strictly increasingon - =-.

(T
-~ T

. N .
On the interval “ 2/ that s, in 2nd quadrant,

f'[:x]= cotx _ 0

ml:;q\

Therefore, ¢ ) is strictly decreasing on

|

17. Prove that the function f given by f(x) = log cos x is strictly decreasing on
and
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Hlﬁ»

strictly decreasing on -

Solution: Given function: f(x) = log cos x

1 .
—CosxX= (—sm .T:IZ—tEIl x
= COsXdx Cosx
."-' f{!;_!_"".
ey
On the interval ~ =+

In 1st quadrant, tan x js positive,

s (9= g

f I:I=E !
f[:_'l{') . . . | ¥ |
Therefore, is strictly decreasing on -~ <.
s T \":
5T
On the interval ~=
In 2nd quadrant, tan x js negative
thus 7 (¥)=—tanx _
[m )
—.T
7 |

Therefore, f(x) is strictly increasing on * -

Fx) =% =3x"+3x-100

18. Prove that the function given by is increasing in R.

Solution: Given function:
f(x) =2 =3x"+32-100

Apply derivative:
Fix)=32 = 6x+3=3(x" - 2x+1)

Sfix)=3(x-1) =0 forall x in R.

Therefore, f(x) is increasing on R.
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19. The interval in which Ji's:if‘fé?;éasing in:
W == @ F0 9 peo2
Solution:

Option (D) is correct.

Explanation:
Given function:

b W
X

y=xe
Apply derivative:
a.,il" , d -x -x

—=x —¢e e

4
dc  dx dc

ﬂll.'
— =0
In option (D), @x for all x in the interval (0, 2).

Exercise 6.3 Page No: 211

SR
1. Find the slope of tangent to the curve ¥ =3% ~3¥ gt x = 4.

Solution:

2yt
Equation of the curve ¥ =3% ~%¢ (1)
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ﬂ:‘:l.'
Slope of the tangent to the curve = Value of 4x at the point (x, y).

@zz[ﬁf‘]q:uf -4

Slope of the tangent at point x = 4 to the curve (1)

_12(4) -4

=764
y= x-l =2
2. Find the slope of tangent to the curve x—2 at x = 10.
Solution:
e
:_L':
Equation of the curve x—2 ... (1)

Derivate y w.r.t. X,

i Y 1= v =11 +—7
IO G = G
dx I:_T—:T
(x=2)—(x-1)
_ )
-1
- (=2 L 2)
Slope of the tangent at point x = 10 to the curve (1)
-1
_(10-2)°
-
-8 &

3. Find the slope of tangent to the curve ¥=* ~**1

*—coordinate is 2. Solution:

Equation of the curve ¥ =% —*+1 (1)

at the given point whose
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Apply derivate w.r.t x,
&3
ax

Slope of the tangent at point *=2 to the curve (1)

_3(27 -1 _

11
4. Find the slope of tangent to the curve ¥ =% ~3¥*2
xcoordinate is 3. Solution:

Equation of the curve ¥ =% —3*+2 (1)

Apply derivate w.r.t x,

at the given point whose

D33
ax

Slope of the tangent at point *=3 to the curve (1)

= 3|3| =3 =24

s
3 - 3 E.":__
' x= ‘6. y=asin’ 6 .
5. Find the slope of the normal to the curve =~ > Y= 9% T at 4
Solution:

Equations of the curves are = @¢0s™ #.y =asin” &
x=acos 6.
Apply derivate w.r.t X,

ﬁ = ai[ms E?]
dé dae

a3 (I:DE E): % (CDS E.")
= a

E =—3acos’ Fsinf

=4 (1)

And,
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v=asin 6

Apply derivate w.r.t X,

a3(sin6) di;(sin 8)

'
w

%=3a5in: Heosf

Using (1) and (2), we have

dy _dv/df _ 3asin’Bcosé
dc dx/dfé —3acos fsind

—sin &  —tan @
= cosé
Now,
="
Slope of the tangentat 4
—tan L =1
="
And Slope of the normal at
-1 A1
= M -1 = 1

8=

|

. =1_ H g_ ,=l]j :g
6. Find the slope of the normal to the curve =~ =¥ =759 ¥ at

Solution:
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: =1—asi '=bcos’ 8
Equations of the curves are *=17450¢ ang ¥ =2¢0s° ¢

x=1-asiné
Apply derivative w.r.t. X, we have
dx

—=0—gcosd

ae

ﬁ =—gcos &
= 48

Again,

v=hcos 6

Apply derivative w.r.t. X, we have
E =b i ( cos 5‘):
dé  df
ﬂtl.'

— =52 cnﬁﬁimﬁE:—IEﬂ cos&sin &

Now,

ﬂ _dv/df —lbcos@sinf
dx  dx/d8 —acosd

25
—siné&
=

8=
Again, Slope of the tangent at

o |

8=
And Slope of the normal at

k2|

-1 -1

=m 2b'a

—{

25



WWW.edllgl'OOSS.COI[I

EDUGROSS

WISDOMISING KNOWLEDGE

7. Find the point at which the tangent to the curve y=x —3x"—9x+7

xaxis. Solution:

is parallel to the

Equation of the curve ¥ =% ~3¢ —9x+7 (1)

D 3¢ —6x-0

ax
dv
Since, the tangent is parallel to the x-axis, so, dx
3%’ —6x-9=0
' —2x-3=0
I:.T—3JI:.T+1J =0
x=3,x=-1
From equation (1), when x = 3.
when ¥= 1 ¥="1-3+9+7=12

_ _ (3.-20) (—112).
Therefore, the required points are and '

: -17y?
8. Find the point on the curve y=(x=2) at which the tangent is parallel to the chord
joining the points (2, 0) and (4, 4).

Solution: Let the given points are M (2, 0) and N (4, 4).
4-0

Slope of the chord, MN = 4-2
[ m= J’Ij _.:l"'lj|
.'li'j —.Tl

P = 742
Equation of the curve is (x-2) (Given)

2

Slope of the tangent at (X, y)
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=2 I:.T—E]

IES

If the tangent is parallel to the chord MN, then
Slope of tangent = Slope of chord

2(x-2)=2

x=3

e
Therefore, y=(3-2) =1

Therefore, the required pointis (3, 1).

9. Find the point on the curve y=x —11x+5 a4 which the tangentis y = x -11.
Solution:
Equation of the y=x -1t e (1)
Equation of the y=x=11 " angent
.......... 2)
_, x—y—-11=0

Slope of the tangent at (X, y)
& 321
= ax [From equation (1)]

—a_—l_l

Slope of tangent = & -1
[From equation (2)]
Therefore,

3t —11=1
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c=2 =R _ L5 —
From equation (1), when *~ = * §-211+5=-9

= = 25—
Andwhen © = ¢ —Srazes=1

(-2.19) : . _ L (2,-9)
- does not satisfy equation (2), therefore the required pointis “™ ~/°

We observed that,
10. Find the equation of all lines having slope —1 that are tangents to the
1

yv=——x=l.
curve x—1
Solution:

1 -1
v=—-=(x-1)
Equation of the curve x—1
av a2d
= = () (x-S (x])

ax ax

-1

- (-1 Slope of the tangent at (x.¥)

But according to given statement, slope = —1

From equation (1), when x = 2

1

:L': :1
2-1

And when x =0

po
0-1

Points of contact are (2, 1) and (0, -1).

—1=—= P
And Equation of two tangents are y-1 1("‘ ']
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—x+y—3=0 and
y=(-)=-1(x-0) x+yp+1=0

11. Find the equations of all lines having slope 2 which are tangents to the
y= :

curve x—3

Solution:

o=

V= = (1'—3)'1
Equation of the curve x—3
-QLL'

2 - (D3

ax

= Slope of the tangent at (%)

But according to question, slope = 2

(x=3)° =3

which is not possible.
Hence, there is no tangent to the given curve having slope 2.

12. Find the equations of all lines having slope 0 which are tangents to the

1
V =—:
curve X —Ix+3
Solution:
1
Y= 5 2
Equation of the curve ~ * —2Zx+3 (1)

@ - i[[f —2x+ 3‘]_1:|
dx dxl ,.
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—[x*=2x+3) [2x-2)

—2[1’—1]

| x—2x+43)

But according to question, slope =0, so

—2[:_1:—1]
[x" —2x+3) —o
-2(x-1)=0
x=1
11
From equation (1), YT1mas 2
enal

: . . |
Therefore, the point on the curve which tangent has slope O is * 2)

1 -

] = D(J:—l]
Equation of the tangent is

[ =

Which implies, the value of y is Y.

eI
4+ =1
13. Find the points on the curve ® 16  at which the tangents are:
(i) parallel to x-axis (i) parallel to y-axis Solution:
. },: ~
Equation of the curve ¢ 16 ... (1)

Derivate y w.r.t. X, we have
Ix yav _

9 16 dx
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2
16 dx

2x
9

dy  —31x -l6x

& 18y 9y 2)

(i) If tangent is parallel to x-axis, then Slope of tangent = 0
24
Which implies, ¢x =0
—l6x
v

0

x=I0

;L"

From equation (1), 16 -
v =16

v=14

The points on curve

: +:
(1) where tangents are parallel to x-axis are (0.4) .

(i) If the tangent parallel to y-axis.
Slope of the tangent = £*
L
dx

adx

4 (taking reciprocal)

Qv

From equation (2), ~16x

y=0
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.T:

—_ :1
From equation (1), 2
v =9
¥=13

- . +
Therefore, the points on curve (1) where tangents are parallel to y-axis are (£3.0) )

14. Find the equation of the tangents and normal to the given curves at the indicated
points:
B 2 10+

A e A -

y=x —6x +13x" —-10x+5 (iiat (1, 3)
V=X (1, 1) (iii)

v=1x at (0, 0) (iv)

(V) x=cost,y=sintatt=1m/4

Solution:

R B 1 _10x
(i) Equation of the curve ¥ =% —6x #13x° —10x+3

On differentiating y w.r.t. X, we have

ﬁ:{f —18: +26x—10

rﬂ:'_l-'
Now, value of &x at (0, 5)

At x=0,

., x_:_ 32 e < _ _
4(0)'-18(0)"+26(0)=10=-10=m .

11

Slope of the normal at (0, 5) is T —10 10

Equation of the tangent at (0, 5) is y=5=10{x-0)

v—5=10x

10x+v=25
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1
_}'—5=—I:.T—|:|J
And Equation of the normal at (0, 5) is 10
10y—50=x
x—10v+350=0

A g 1 10y
(i)  Equation of the curve ¥ =% —6x +13:7 —10x+5

On differentiating y w.r.t. X, we have

-ﬂfl.'

-

=4x —18x" +26x-10
4
Now value of 4x at (1, 3)

At *=L

417 -18(1)7+26(1)-10=4-18+26-10=2=m

=1 -l
(say) Slope of the normal at (1, 3) is ™ .

7

Equation of the tangent at (1, 3) is y—3=2(x-1)

y-3=—(x-1)
And Equation of the normal at (1, 3) is z

2yv—6=—x+1

x+2v-T7=0

(iii) Equation of the curve ¥ =% ... (1)
On differentiating y w.r.t. X, we have

& -
—=3x
ax
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\d
Now, value of €x at (1, 1)

At =L

=2 = (say)

S

Slope of the normal at (1, 1)is m 3

Equation of the tangent at (1, 1) is > ~1=3(*~1)

yv—1=3x-3 or yv=3x-2

-1
y—1 =—|:x—1)

And Equation of the normal at (1, 1) is 3

3y—-3=—x+1

x+3y—4=0

(iv)  Equation of the curve ¥ =% ... (1)
On differentiating y w.r.t. X, we have

ﬁ =2x

dx

ﬂf_l.'
Now value of 2x at (0, 0)
v—0=0 I:x—[:l]

Equation of the tangent at (0, 0) is *
y=0

And normal at (0, 0) is y-axis.
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(v) Equation of the curves are *= €05tV =sii

ax ) v
— =—sint — =cost
at and &t

dv  dv/dt  cost
f= — = - =_|:|:|tr
ax  ax/'atr  —sint

T T
t=— —cot—=-1=m
Slope of the tangent at 4 - = (say)
4 is ™ -1

Slope of the normal at

I:cns t.sin I:l

point (52)

H
|
=
1]
|
L
P
o
|
re

1 - 1
v1——=1 x—— |
. . ! ]
And Equation of the normal is N2 2
e 1 (,_ 1
AN
1V =X

=>

15. Find the equation of the tangent line to curve ¥ =% ~2*7 which is:

(a) parallel to the line
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(b) perpendicularto 2x—-y+9=0 the line

5y —15x=13
Solution:

Equation of the VEX ==X curve

Slope of tangent ~ &x = (2)

=" =%
Yy_ 10 =0 . -
(a) Slope of the line = y+9=04s 5 1

Slope of tangent parallel to this line is also = 2
From equation (2), 2x—2=1

=> :';’:2

From equation (1), ¥ =+37=7
Therefore, point of contact is (2, 7).
: . y=T=2(x=2)
Equation of the tangent at (2, 7) is -
= yv—T=2x—4

= v—2x—-3=10

=m (b) Slope of the line
-1 -1

Slope of the required tangent perpendicular to this line = 7 3

-1

2x—2=
From equation (2), 3

bx—6=-1

L
Il
[= Y
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From equation (1), 36

25-60+252 217

= 36 36 =
(5 217"
Therefore, point of contact is -6 36/
217 -1 A
i | s’ 36 376
Equation of the required tangent is \ /
M7 5
3}'—-1I :—_'|;+:
12 6
217 5
x+3y=—-+=
12 6
217+10 227
.T+3_:L'= =
12 12
12x+36y =227 (Which is required equation)
=7x +11

16.  Show that the tangents to the curve at the points where

=7 =D
*=<and =7 gre parallel.

Solution:
Equation of the y=T7x =+ curve
-ﬂil.' 5
I:I 'L':l — =21x
Slope of tangent dx at =

At the point x = 2,

3171 ] d — B
Slope of the tangent = 21(2)" =21x4=84

At the point x = -2,

2172 — V] d — Q2
Slope ofthetangent:-ll 2)" =21x4=84

Since, the slopes of the two tangents are equal.

Therefore, tangents at x = 2 and x = -2 are parallel.
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17.  Find the points on the curve ¥ =% at which the slope of the tangent
is equal to the i

< coordinate of the point. Solution:

Equation of the V=X curve (1)
Slope of tangent (x.7)
at
£=31
= dx

It =
3t - =
X I:3 - .T:l =

.T:=[:| or 3—x=0
_T:D or .T=3

From equation (1), at x=0. y=0

The point is (0, 0).

. x=3 M =27
And From equation (1), at iy

The point is (3, 27).
Therefore, the desired points are (0, 0) and (3, 27).

y=4x=2

18. For the curve - . find all point at which the tangent passes through the
origin. Solution:
Equation of the curve ¥ =3¢ ~2% (1)

Slope of the tangent at (x, y) passing through origin (O, 0)

Y1227 —104
ax

y—>0
And dy/dx = x—0
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1 5
2 =12x" —10x°
=> X

y=12x —10x
Substituting value of y in equation (1), we get,
125 —10x =4 =2

8x' —8x =0

8 (1-") =0

8¢ =0 gr 1-x" =0

= x=0 gy x=11

From equation (1), atx =

0, the value of y = 0.

From equation (1), at *=L

The value of y is, ¥ =*~2=2

From equation (1), at *= %

The value of y is ¥ =+ +2=-2

Therefore, the required points are (0, 0), (1, 2) and (-1, -2).

19. Find the points on the curve * T —2x=3=0

xaxis. Solution:

at which the tangents are parallel to

Equation of the curve * *¥ —2x—3=0 (1)

On differentiating expression w.r.t. X, we have

m-
2x+2yv—=2=0
ax
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dy 2(1-x) 1-x
Fris 21 1
Y _g
Since tangent is parallel to x-axis: €x
I=x_,
v

From equation (1), 173" —273=0

=> Y :4

= y==l
Therefore, the required points are (1, 2) and (1, -2).

[§am: =am3 ]

20. Find the equation of the normal at the point * =x.

for the curve %

Solution:

Equation of the curve @ =% ... (1)

On differentiating expression w.r.t. X, we have
d , d

a—y =—x

dx

aly ﬂ =3x"
dx
dv  3x

& 2av

Slope of the tangent at the point [f’m Lam’
3[:‘:”1::]‘ Im

= 2aant 2 =
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-2

Im =

- (am an’)
Slope of the normal at the point \an.an

Equation of the normal at \am’.am ) is

v—am’ =—(x—am’)
. )

- 3my—3am® = 2x+2am’

—s 2x+3my— 2am® —3am’ =0

2x+3my—am’(2+3m" | =0

21. Find the equations of the normal to the curve ¥=* T2%%6 \which are parallel to the

linex +14y +4 =0.

Solution:
yv=x +2x+6

Equation of the curve ....(1)

Slope of the (x.7) tangent at
L )

So, ax

Slope of the normal to the curve at (x.2)

-1
Since Slope of the normal = 14 (Given)

-1 -1
I +2 14 =
- 3 +2=14

3x =12
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From equation (1), at *=4: ¥=8+4+6=18

at x=—2, yv=-—"8-44+6=-6
: (=2.-6).
Therefore, the points of contact are (2, 18) and
_}'—18=_—1|:.1’—2J
Equation of the normal at (2, 18) is 14

= 14y —-252=—x+2
x+14y—-254 =0

(26) . y+6=—(x+2)
And Equation of the normal at | IS 14

l4v+84=—x-2
x+14v+86=10

Which is required equation.

22. Find the equation of the tangent and normal to the parabola ¥~ =** at the

o at?. 2ar).
point " /

Solution:
v =dax

Equation of the parabola .......... (1)

Slope of the tangent ()
at
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R
_(at*.2az) ;—a=1
Slope of the tangent at the point * ) 2 ¢ -
Slope of the normal = —*
i _ fat? 2ar
Equation of the tangent at the point [fI &d J
1, .
y—2at=-(x—at" |
= i E
3}'—2&3: = x—at*
LAl =r+arz
(at®.2at)

And Equation of the normal at the point *

_ y—2ar=—t(x—at")

o + =2 :
Which implies, 7Y ==-at+ar

23. Prove that the curves ~~* and ¥ =% cut atright angles if 8% =1.

Solution: Equations of the curves are *=*" .....(1) and

Xy =K.......... (2)
Substituting the value of x in equation (2), we get * ¥ =%
y = kU3

Put the value of y in equation (1), we get

x=(kA ) = 1%

Therefore, the point of intersection (x, y) is

Gz

Differentiating equation (1) w.r.t x
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& _-y
—_— == ???:
= ax X ... (5)
According to the question, iy = -1
Which implies,
1 (=)
2l x ) =-1
1
2x
2x=1

2k13 =1 [using equation (3)]
Taking cube both the sides,
8t =1

Hence Proved.

.T: 'L':
24. Find the equation of the tangent and normal to the hyperbola @~ &’ at the point
(6. 35
Solution:
x:_y:_l

Equation of the hyperbola @~ 5 ... (1)
On differentiating w.r.t. X, we get

Ix 2y dy _

a B dx

—2v dv —2x
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X, Vo) - .
Slope of tangent at (- 30) is 9 1o

b x,
VoY =——(xx)
. (2.5 ay,
Equation of the tangent at IS -
. B .
W=V =— 05 —x5 |
Wo _ ¥ _ X% _ X
b a
X6 Ws % Y
a@ b a b .. (3)
% W,
. [:x,‘_'L'A:I . 77 ;=1
Since "</ lies on the hyperbola (1), therefore, @~ &
K 1V,
ER =1

From equation (3), & &'

Now, Slope of normal at (. ¥5) by —

Therefore,

- (3. %5) ] b v,
Equation of the normal at IS i

by b xy =—a’yx+a xy,

s

On dividing both sides by ¢ 2 %Y we get
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Which is required equation.

25. Find the equation of the tangent to the curve ¥ =~3*"2 which is parallel to the line
dx—2y+5=0.

Solution:
; v=nf3x—2
Equation of the T T 1)
curve dv d !
(%) == (3x-2)3
is dx ax
Slope of the tangent at point
dv 1 1d
—=—(3x—2)2—(3x-12
dx 2[ J aiﬁrlz J
! 3
= W3x=2 (2)
—a -4
Ay —2v+5=0. 1 5 °~
Again slope of the line Ay +3=04g 5 2 (3)

As given: Parallel lines have same slope.

By equation slopes of both the lines, we get

L3

W2 =)
4 Bx—2=3
16(3x—2) =9
48x—32=9

48x=41
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41
X=—
48

Substitute the value of x in equation (1),

fi_,
- V16
{41—32_\(97_3
-V 16 Ve 4

41 33
Therefore, point of contact is \48°4) .
Now,
3 [ /4N
y——=21 x-—— I
Equation of the required tangent is L 48
J.'—i = 21’—ﬂ
4 24
y= 2_1:+18_41
24
24y =48x-23
48x—24y =23

Which is required equation.

Choose the correct answer in Exercises 26 and 27.

=2 +3sinx at x=0

26. The slope of the normal to the curve ¥ is:

(A) 3 (B) 1/3 (©) -3 (D) -1/3
Solution:

Option (D) is correct. Explanation:
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Equation of the v=2x"+3sinx (1)
curve S

— =4x+3cosx

ax
Slope of the tangent at point (x, y) is
Slope of the tangent at *="Y- 4(0)+3cos0=3=m (say)

-

Slope of the normal = m 3
27. The line ¥ =**1 s a tangent to the curve ¥~ =** at the point:

AL2 B)21) ©a-2 DO)(12)

Solution:
Option (A) is correct.

Explanation:

Equation of the yisdx o (1)

curve 3 & _
(x.2) s ~ @

Now,

Slope of the line ¥ =**1is 1.....(3)

—c;_r_—l_l

[as we know, © -1 ]

From equation (2) and (3),
2

— =1
¥

y=1

From equation (1), 4 =4x
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x=1

Therefore, required point is (1, 2).

Exercise 6.4 Page No: 216

1. Using differentials, find the approximate value of each of the following up to 3 places
of decimal:

0]
(ii)
(i) (iv)
(V)
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(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)

Solution:

253 (i)

Consider, * == (1) and then

}'+.ﬁ}'=m

On differentiating equation (1) w.r.t. X, we get

Now, given expression can be written as,

253 =0025+03

Here, *=25 and Ar=03 o Av=nfxtAx—x
_ 25325 =253 -5
— 253 =Av+5
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Since, &% and % is approximately equal to ©* and % respectively.
From equation (2),

0.3
2,25

dy=
=0.03

Hence, approximately value of ¥2353 55+ 0.03=5.03.

J495 (i)

Consider, ¥ =N (1)

Now, from equation (1), * T2 =afx+ Ax

— 195 =.J19405

Here, *=% and 2=03 hen

.i}'=r\.'x+.-i'-..1’—\.";
- 195 - J19=f105-7

o JA95=Ay+T
Since, &¢ and & is approximately equal to ¢ and % respectively.

. 05
Q:L' =
From equation (2), 2\"{4_9

=0.0357
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So, approximately value of V495 js 7+ 0.0357 = 7.0357.

Jo6
v=nfx
(iii)
Consider, ... (1)

On differentiating equation (1) w.r.t. X, we get

Now, from equation (1), V4 AY =qfx+ Ax

= +f06=-{064-004

x=064 gpg Ax=-004

Here, . then
Ay = r\.'x+.11’—\.'{1_'
= 0.6 —+j064 =+/06-08
J06=Ay+08
Since, &% and ¥ is approximately equal to @ and %" respectively.
. —0.04
Q:L' =
From equation (2), 2,064 0025 -

Therefore, approximately value of 0.6 js0.8-0.025=0.775.

1

(0.009)
y=3
(iv)
Consider, ... (1)
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On differentiating equation (1) w.r.t. X, we get

Now, from equation (1), ¥+ 4V =+ A%

1 1

_ (0.009)F =(0.008+0.001)

x=0008 g Axr=0.001

Here, , then

.i}'=r\.'x+.ﬁx—\.'{:;

1 1

_ (0.009)F —(0.008) :(0.009];—0_2

1
(0.009)F =Ay+02

Since, 2% and & is approximately equal to @ and %' respectively.

From equation
= 0.001 1
h l;' l*-\l-
3/ (0.008)F |

(2), b J

0.001
= 3x0.04 =0.0083

(0.009)3

Therefore, approximately value of is 0.2 + 0.0083 = 0.2083.

(V)
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Consider,  .......... (1)

On differentiating equation (1) w.r.t. X, we get

=]

; 1
@_1 5 :
_ =
dx 10 10xF -
R
I l\.]:-
10 x|
S (2)

Now, from equation (1), ¥+ =vx+&x

:..:l =

(0-9991% (1-0.001j% _ (3)

Here

u| =
ul L

Ay =(x+Ax )T —x
n

The

1

(0.999)T —1

1
_ (0.999)F  qiap

Since, 2% and & is approximately equal to %* and % respectively.
From equation (2),

=L[m;=4_mmm1

10 15|
I"\. J]

ﬂi'l.'

[ =

o

(0.999)1

Therefore, approximate value of is 1 —0.0001 = 0.9999.

(vi)



www.edugrooss.com

EDUGROSS

WISDOMISING KNOWLEDGE

[1*‘)% Consider,  .......... (1)
1 On differentiating equation (1) w.r.t. X, we get
v=x*
: 1
& 13 —5
—_ =X =
dx 4 4x* =
P
T [RE
4 x*
i_‘.\- J]
= (2)

Now, from equation (1), ¥+ =x+&x

157 (16-1)3
JWsF_Qe-nE (3)

1
= (15 240

Since, &% and & is approximately equal to ©* and @ respectively.

dv = —1 _ -t
’ {1y 32
4 16|
From equation (2), v

Al
[}

41
_ (15, “"32° 32
Therefore, approximate value of IS = ~= =1.96875.

(vii)
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! Consider,  ........
(26)7
w13 L
& 3 3%
dy = d?f _ dx :
31"{ 3l,c1/(|
N 2)
Now, from equation (1), ¥ T2 =~x+ax
1 1
_ [25:]3 =I:2?—1]‘
Here, *=27 and .-j.x:—l,
1 1

then &y =n~/x+ax—~fx

1
(26)7 =Ap+3

WWW.Cdllgl'OOSS.COm

Since, &% and & is approximately equal to %* and @ respectively.

From equation (2),

-1
dy =t
3| (2753 |

(2

Therefore, approximately value of

(viii)

6)F
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I:”““]% Consider,  .......... (1)
On 1 differentiating equation (1) w.r.t. x, we get
v=x*
: 1
dx 4 4x* =
dy = dx -
- ¢ l*-.l:-
4 x*
S (2)

-1 -1
ol 17 7256
4 256%
From equation (2), v
1 1 1023
: (255)% 4 255 234
Therefore, approximate value of IS == =¥ =3.9961.

(ix)
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! Consider,  .......... 1
(827 )
1 On differentiating equation (1) w.r.t. X, we get
v=x*
d_17
de 4
L
_ 4
dv = dx -
- 71y
4 x|
R . (2)
1 1
. +Ay=ofx+Ac (82)F_ (81+1)F
Now, from equation (1), FrayENE (82) Z[ ) . (3)
1L
then .ﬁ}'=[x+.ﬁx)3—x4
1 1 1

_ (2)F ~(81)7 =(82)7 -3

!
(82)F 3+ Av _
Since, 2% and & is approximately equal to %* and @ respectively.

d_ 1 —_
[ 1V 108
4/ 81% |

From equation (2), v

1 325

1

34— =2~
827 .
(827 js ™" Tos 108 = 3.0002.

Therefore, approximate value of

(x)
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{101 Consider,  .......... (1)
y=~x On differentiating equation (1) w.r.t. X, we get

d 1z 1
— =
axr 2 2\"{? =
. dx
a:L. —

INE (2)

Now, from equation (1), vH+Ay =qfxtAx

Here, *=%00 and &¢=1 o Ay =+ A —

— /401 — /400 =+401-20
_ 301 =Ay+20
Since, &% and & is approximately equal to % and ? respectively.

dy = Al
From equation (2), 25400 40

1 1

oo, 1801

—  W+—=—
Therefore, approximately value of 01 s 4040 = 20,025,

(xi)
Consider, .......... (1)

On differentiating equation (1) w.r.t. X, we get
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Now, from equation (1), vH+Ay =qfxtAx

— +f0.0037 =+{0.0036+0.0001

Here. ¥=00036 gng Ax=00001

Ay=rx+Ax —-\.'"J._’

_ +f0.0037 —+/0.0036 =+/0.0037 —0.06

Af0.0037 = Ay +0.06

Since, &% and & is approximately equal to ¢ and % respectively.

, then

~0.0001
From equation (2), ~ 2v0.0036

0.0001
= 0.12
1 0.0001
TR E -
(26.57) Therefore, approximately value of ¥v0-0037 js0.06 + 0.12 =0.060833.
y=i% (i)
Consider, ... (1)

On differentiating equation (1) w.r.t. x, we get

Now, from equation (1), ¥ T2 =~x+ax
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Here, , then

.i}':—\,.'x+.ﬁx—\.'§

(26575 = v +3

Since, &% and ¥ is approximately equal to @ and & respectively.
dy =0
] L,
_ 3| (27)3 )
From equation (2), N
—0.43
= 27 =0.0159
1 1
(81.5)% . (26.57)F . .
Therefore, approximately value of is 3—0.0159 = 2.9841. (xii)

1

Consider,  .......... (1)

On differentiating equation (1) w.r.t. x, we get

: 1
@ 13 —
— =—x -
dc 4 4 -
dv= d:: 3
o)
oS

Now, from equation (1), ¥+ =vx+&x
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81.5?1‘ g1+0.%
_ (BLSJF_ (81405 3)

dal =

Here

—
—_

Then .-i'-.}'=I:x+ .ﬁx]z —x*

1

_ (81.5)7-(81)

1

=(815)7 -3

da]

1
(8L 3+ap _

Since, &% and ¥ is approximately equal to @ and % respectively.

5 5
o 05 __0S
71 108

4817 |

From equation (2), v

=0.00462

1
82)2

Therefore, approximate value of (82) is 3 + 0.00462= 3.00462.

(xiv)

Consider, (1)

Now, from equation (1), y+ Ay =ofx+ Ax
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-
3

=
2

_ (3.968)7 =(4-0032)7

Here, x=4 gnd &x=0.032 then Ay = Jx+Ax —fx

(3.968)7 —(4)7 =(3.968)7 8

(3.968)% =Ay+8

Since, &% and & is approximately equal to %* and @ respectively.

From equation (2),

3
== 2
dy 2”5( 0.032) 0,096 .
. (3.968)7 -
Therefore, approximately value of is 8 - 0.096 = 7.904.
1
(32.15)%
!
v=x"
(xv)
Consider, ... (1)

On differentiating equation (1) w.r.t. X, we get

1
@ 1z =
c:bc 5 ij =
dy =2
’ A"
555
- 2)

Now, from equation (1), ¥4 =~x+ &
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S (32+0.15)F
= = (320157 (3)

1 1

Then Ay = I:.T+ .-11’)5 _

1 1 1

_ (32155 -(32)5 =(32.15)5-2

1
(3215 244y _

Since, &% and & is approximately equal to % and % respectively.

From equation (2),

0.15 0.15
Fovd 80

5 325 |
v =0.001875

dv =

1

(32.15)%

Therefore, approximate value of is 2 +0.001875 = 2.001875.

2. Find the approximate value of AL where flx)=4x +5x+2.

Solution: Consider, /(1= oo )

On differentiating equation (1) w.r.t. X, we get

f'lixj=ﬁ=8x+5

e x+Ar e VA .
Changing * to *™% and * to ¥ in equation (1),
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J.'+.£J.'=f|:x+ ."lT:I
201)=f(2+001

= £(201)=f( | 3)

Here .T=2 and &.\'-:D.D].

From equation (3), fF(201)=y+Ay

Since, &% and s approximately equal t6™* and af“respectively. From
equation (1) and (2), we get

F(201)=(4x" +5x+2)+(8x+5) Ax

Therefore,

F(201)=4(4)+5(2)+2+(8x2+5)(0.01) - 28.21

Therefore, approximate value of f(2.01) is 28.21.

3. Find the approximate value of F(3001) pere F(x) =% —Tx +15.

J= =y =Ty <15
Solution: Consider, f(x)=y=x gl + 507 (1)

On differentiating equation (1) w.r.t. X, we get

& . 3
(x) =2 =314
FE= *

dy =(3x* —14x) che=(3x" 214x) Ase
op & =037 ~Mx) de= (3 —ldx] A )

Changing ™ t0 x+Ax and ¥ 1o YT i, equation (1),
v+ Ay = fl::-:+..irj

_ f(5.001)= £(5+0.001)

Here, * =

From equation (3), f(5.001) =y +Ay
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Since, &% amd s approximately equal t6 and “respectively. From
equation (1) and (2),
£(5.001)=(xF -7:¢ +15)+(3x" —14x) Ax

£(5.001)=125-175+1

Lk

+(75-70)(0.001)

= —35+0.005 34995 _

5.001) . _q.
Therefore, approximate value of A ) IS 34'995.

4. Find the approximate change in the volume of a cube of side x meters caused by
increasing the side by 1%.

Solution:
Side of a cube is x meters then cube volume (V) is x3.

On differentiating equation (1) w.r.t. X, we get

d_1“=31a1

dc (2)

According to the statement, increase in
¥

side = 1% = 100

Ax
So, 100 " .. 4 (3)

Approximate change in volume, V, of cube = AV ~ @V

dv .
—ax
= ax

av
— Ax
ax
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x| 3

3t e ¥~ 0.03%
_ 100 100

cubic meters

5. Find the approximate change in the surface area of a cube of side x meters caused by
decreasing the side by 1%.

Solution:
Side of a cube is x meters then Surface area of a cube is (S) = 6x?

S =6x2

On differentiating above equation w.r.t. x, we get

ﬁ =12x
ax

At per question, if decrease in side 1% is
= —1% of x
=-0.01 x

Aw=-001x

Since approximate change in surface area = 45 ~ @5 dx =

We have,

ds
% 124(-001x) ~ —0.12 _
= “ square meters (decreasing)

6. If theradius of a sphere is measured as 7 m with an error of 0.02 m, then find the
approximate error in calculating its volume.

Solution: Consider, r be the radius of the sphere and 4 be the error. then,
as per question,r=7 mand 4 =0.02 m

1
_:.'l'_}-"
3

We know that, Volume of sphere (V) =
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Approximate error in calculating the volume = Approximate value of 4V

v, |
AV E(‘-"-’?‘ ) _

Iy A
1

(4 .
| = o3 I ¥

-

_42(7)7(0.02)

gy
3.92x ==

=12.32 m3
Therefore, the approximate error in calculating volume is 12.32 m3.

7. If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the
approximate error in calculating its surface area.

Solution: Consider, r be the radius of the sphere.
And, Surface area of the sphere (S) = 4 (formula for SA)

§=S}‘D‘
ar

ds = 8ar dr
ds = 8

dS = 87(9)(0.3)
= 2.167 square meters

8. If f(x)=3x" +15x+5. then the approximate value of f(3.02) is:
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(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66
Solution:

Option (D) is correct.
Explanation:

Consider, f(x)=p=3x"+15x+5 (1)

On differentiating equation (1) w.r.t. X, we get

ﬂll'
(x) =2 =6x+15
fi(x)=—=6x

of & =(6x+15) dr=(6x+15)Ax (2)

Changing x to *T2* and y to Y, equation (1),

v+Ay= f(.r+ .-'larj

_ £(3.02)=£(3+0.02) 3)

Hel’e, .T=3 and |l_T=I:I.[:|2

So,

From equation (3), F(3.02)=y+My

Since, & afd is approximately equal t6* and “respectively. From
equation (1) and (2),

£(3.02) =32 +15x+5]+(6x+15) Ax
£(3.02)=3(9)+15(3)+5+(6x3+15)(0.02)
= 77+0.66 77.66 =

9. The approximate change in the volume of a cube of side x meters caused by
increasing the side by 3% is:

(A) 0.06 xams (B) 0.6 x3ams (C) 0.09 x3 m3 (D) 0.9 x3 ms3
Solution: option (C) is correct.
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Explanation:

We have, 100 ... (3)

awdr
Since approximate change in volume V of cube = &V ~ @V & =

N e
= dx

3y 9 :
| ﬁjrvﬁx' ~ 009
- - cubic meters
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Exercise 6.5 Page No: 231

1. Find the maximum and minimum values, if any, of the
f(x) =(3_T_1]3 +3 following functions given by:

Fx) =9 +12x+2

F(x)=—(x-1)" +10
g(x)=x+1

(i)

(if)

(iii)

(iv)

Solution:

(i) Given function is:

£(x)=(2x-1)"+3
(2x-1)" 20

As, forallxeR

Adding 3 both sides, we get
(2x—1) +320+3

f(x] >3

The minimum value of f(x) is 3 when 2x — 1 = 0, which means 2 This

function does not have a maximum value.

(ii) Given function is:  (¥)=9% +12x+2

Using squaring method for a quadratic equation:

f[: :] 9.-" :+4_T+2\'.
x|=Y x+—+—

3 9)
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2V 2P 2)
=9 x"+—+ =] - +—
(%) 3) 3 Ty
" 3‘.3 )
9 x+=—| ——+—
1 3)
s f}\,ld-
flx)=9 x+2 ] -2
.......... (i)
AT
9__1:+—' =10
As .3 forallxeR

Subtracting 2 from both sides,
Iy 52

9 x+> | —2=0-2
\ 3)

kS

f[:.TJ >=2

Therefore, minimum value of f(x) is -2 and is obtained when

2 iy |
x+—=0 Xx=—
3 thatis, 3

And this function does not have a maximum value.

-
o

(iii) Given function is: F e =—(2) 710 (i)
As (x-1)20 forall *€ R

Multiplying both sides by —1 and adding 10 both sides,
~(x-1)" +10=10

f(x)=10 [Using equation (1)]

Maximum value of f(x) is 10 which is obtained when x
-1 = 0 which implies x = 1.

And minimum value of f(x) does not exist.
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(iv) Given function is: € () =" +1

row glx) > At

o glx) >

Hence, maximum value and minimum value of g(x) do not exist.
2. Find the maximum and minimum values, if any, of the following functions given by:
flx)=fc+2]-1
glx)=|c+1|+3
h(x)=sin(2x)+3
f(x)=|sin 4x+3|
h(x)=x+Lxe(-11)
(i)
(if)
(iii)
(iv)
(v)
flax)=]e+2|-1

Solution: (i) Given function is: <= & =1 ... (1)

As |x+ 2|'3 0 forall *= R

Subtracting 1 from both sides, e+2|-2=-1
f(x)z-1
Therefore, minimum value of f(x) is -1 which is obtained when x + 2 =0 or x = -2.

() >

From equation (1), maximum value of s * hence it does not exist,

(i) Given function is: €(*)=—F+1[+3

e +1]20 for all = As R
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Multiplying by —1 both sides and adding 3 both sides,
—|e+1|+3=3

g(rj =3

Maximum value of g(x) is 3 which is obtained when x + 1 =0 or x = -1.

From equation (1), minimum value of glx)—

) +5

(iii) Given function is; #(¥)=sia(29)+s

—1=sin2x =1 o, g XE As R
Adding 5 to all sides, ~1+3=sin2x+5=1+5

4=h(x)=6

L. Bl . ) J
Therefore, minimum value of I: J is 4 and maximum value is 6.

(iv) Given function is: f(xj :|Sm 4I+3|
—l=Zsindx =1 §o g XE As R
Adding 3 to all sides, —1+3=sin 2x+5£1+3
2= f(x)=4

Therefore, minimum value of f(x) is 2 and maximum value is 4.

(v) Given function is: MEextlxe(-Ly) (i)

As —l=x=1
Adding 1 to both sides, ~1+1=x+1<1+1

D-c:&':-(x]-cfz

Therefore, neither minimum value not maximum value of h(x) exists.

—x .
, does not exist.
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3. Find the local maxima and local minima, if any, of the following functions. Find also
the local maximum and the local minimum values, as the case may be:

f(.rj =x

g [1) =x —3x

hl:.l’] =sin x+cosx 0 =x .qE

f(.r] =sinx—cosx, 0« x< 27T

(W)ﬂﬂ=f+3

(viii) f[x] =1’\E=r} 0

f(x] =x

Solution: (i) Given function is:
Fllx)=2x and Fl(x)=2

Now /(=0
=0 [Turning point]

Again, when x = 0, £l =2 [Positive]

Therefore, x=0, is a point of local minima and local minimum value = £(0)=(0)" =0

(ii) Given function is: glx)=x" —3x

g'[x:l=3x:—3 and g"(x:l=6x
ow £ ()0

3 —3=0
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3(x-1)=0

3[:.1’+1J I:x—l:I= 0

*==1 or *=1 I1yrning points] Again,
when x=-1,

g'(x)=6x=6(-1)=-6 1\eqative]
x=-1 s a point of local maxima and local maximum value g(-1)=(-1) -3(=1=2 ppq

when x=1; £ "(x)=6x=6(1)=6 [Positive]

x=1, is a point of local minima and local minimum value E(U :(lj _H[U

(i) Given function is: h(x)=sinx+cosx | M (i)

h'(x)=cos x—sin x and h"(x)=—sinx—cosx

ow ()¢

cosx—sinx=0
—sin X =—COs X

sin x
=1

CoOs X
tan x=1 [Positive]
x can have values in both 1st and 3rd quadrant.

f _;i'r 1
0<¥<7)
But, - <./ therefore, * is only in | quadrant.

T
As, tan x=1 4
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1 -2
= "-E ‘E "-E _\E = = [Negative]

T
Xx=—
4 is a point of local maxima and local maximum value
fmy .« T
B — |=sin—+cos—
- l4) T4 *

1 1

N T i
_EFE"
(iv) Given function is: f(x)=sin x—cosx (0 <x<27)
f'I:x:l:cnf.x+5inx and f[xJ — —sin x+éos x

Now (%) =0
cosx+sinx=0
Sifl ¥ = —COSX

sin x

=-1

COs X
tan x==1 [Negative]

x can have values in both 2nd and 4th quadrant.

T
_ta_n_
tan x=—1 4 =
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T ’ T
tan, T—— | tan 27T—— |
o L4
7 1T
tan x =tan — tan —
or 4
3T
x=—
4 and
T
x=—
4
_3m . 3T 3T
X_T f"l:x:l=—5inx+c05x _Sln?-'-':m?_
At =
(A, (7
. —sin, T—— |+cos, T——
= 1"(x) o4l T 4
. T T
— 811l — —CO05 —
= - 4
-1 1
NN
-2
-7 2 - [Negative]
3T f3my . 3@ 3T
= fu,_lef‘m,__‘mE ,
So, 4 is a point of local maxima and local maximum value = L4 4 4
W N.x
Slﬂ!:'f—— —CDSIFI_— j
1 1
sin — +cos — _’:+_’::\E
I
x_T f"[x]=—5inx+c05x

. 1T 7T
—51I1—+CDET
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!.l" E\I ' :T._“.I
I: J —sin EFI—TJ+CDSI iT-— |
Which implies; * '* ' 4 )
s — +Cos —
1 1
4+
— 42 2
2
NG S [Positive]
T [\ DT T
v=_" fl — |=sin——cos—
4 is a point of local maxima and local maximum value = - 4) 4 4
| _j"l','H'l { :‘I-H"
sin| 27—— | —cos| 2T—— |
e Y B Y
: : -1 1
—sinZ—cosl =2

- 1 1 12 -

I . z
(v) Given function is: f(x)=x —6x"+9xg15

F(x)=3x"-12x+9 4 f"(x)=6x-12
£(x)=0

3x —12x+9=0

' —4x+3=0

(x-1)(x-3)=0

x=1or ¥=3 [T{ming points]

x=1 f'(x)=6x-12=6-12=-6

At [Negative]

x=1 s a point of local maxima and local maximum value is £(1)=(1) -6(1) +9(1)+15=19

x=3, f"(x)=6x-12=6x3-12=6

At [Positive]
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*=3 s a point of local minima and local minimum value is £3)

-

x Iy
x]=—+—=x:=-[:l
(vi) Given function is: 2 x
: 1 2
e()=3"7
x -4
= Ix:

But * > 0: therefore *=2 is only the turning point.

i’ .
2| i - - _g(2)=2+2=2
*==< is a point of local minima and local minimum value is - =
Hx) = s = +2)
(vii) Given function is: x +2 7 ‘
/e gy -2
1(x)=(-1)(x" +2)" (2 =——
‘ (2" +2]
: / and

(2 +2) 2-2x2(x* +2)2x
h_n(x] I P L \ L

(*+2)
-2(2-3x")

(F+2)

3)=(3) -6(3)" +9(3)+1
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o222-39) (-0
B . 3 0+2 3 _E_?
At x=0. X +2) (0+2) [Negative]

—4 -1

1
I E —
x = 0 is a point of local maxima and local maximum value is 0+2°2
—xfl—x.x=
(viii) Given function is: flx)=xfl-xx<]
| 1 24
b I:x] =x.EI:1—x] 2 E(l—x]+~,ﬂ'i—x.l

= +afl—x
— 2Jyl—x
—x+2(l—x:| 2-3x
2J1-x 2J1-x —
1
1-x.(-3)-(2-3x) (-1)
wion 1 1—x
fr(x=5
And 2 1—x

—6(1—x]+2—3x

_ 4(1-x)3

3x—-4
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is a point of local maxima and local maximum value is

3 9

)] D
= '=x~,ﬂ—x=§ 1-== 23

Again -
Y —_
274 _ -1,
JIF 1)

_ 13) W3)

xX=
Therefore, f(x) has local maximum value at

(PSR

4. Prove that the following functions do not have maxima or minima:

=&

flx

gI:xJ =logx

S

h[:x]=x3 +x +x+1
(i)
(i)
(iii)
Solution: (i) Given function is: flx)=e
f'(x] =g

7

Now /(%) =0
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g =0

But this gives no real value of * Therefore, there is no turning point.

F(%) does not have maxima or minima.

(i) Given function is; £ (x)=logx

1 = 0 (which is not possible) f(x)
does not have maxima or minima.
h I:1J =¥ +x +x+1

(iii) Given function is:
B'(x)=3x" + 2 +1

.-:|:|

Now r(ﬁ‘j

3t +2x+1=0

—1+4f2i

= 3

Here, values of x are imaginary.
h(x) does not have maxima or minima.

5. Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals:
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f[x]=x3=xE[—2=2

f[:xj =sin x+c05x=xe[|:|=?r]

fI:x] =4x—%x:=xe{—2=2:|

2
(i)
(i1)
(iii)
(IV) fl:x]=[x—1:|:+3=xE[—3=1] “
Solution: (i) Given function is: flx)=x x=[-2.1]
f(x) =3x"
Now /(%) =0
3x° =0

f(xj is —S and absolute maximum value is 8.
f(x] =sin x+c05x=xE[D=?r]

Therefore, absolute minimum value of

(if) Given function is:
f'[x] =Cosx—sinxy

f(x)=0
cosx—sin x =10

—sinx=—Ccosx
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tan x=1 [Positive]

x lies in | quadrant.

T
tan x=1=tan —

f[:[:l)=sin[:l+c05|:|=|:l+l=l
f[:,frj=sin T+cosT=0-1=-1

Therefore, absolute minimum value is -1 and absolute maximum value is 1.

{ 3
fl:] —1x—é1 JXE| —IE

(iii) Given function is: - L2

Fllx)=4-=(2x)=4-x

Now f'(x)=0
4—_}’_’:[:]
[22)
x=4 \ 2}
1
F(4)=16==(16)=16-8=8
At =4 2
1
L re=s -1 —s-2-10
At 2
™ A ' *-\.l"
x=E fIE'=4IE'_lIE _IB—BI_E
At 2 2) \2) 212) 3

Therefore, absolute minimum value is —10 and absolute maximum value is 8.
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F(x)=(x=1) +3.x(-3.1)

(iv) Given function is:

fix)=2(x=1)

x=1g(-3.1)

a ¥=L (=11 +3=3

o 3)=(=3-1)+3=16+3=19
e f(=3)=(-3-1)

Therefore, absolute minimum value is 3 and absolute maximum value is 19.

6. Find the maximum profit that a company can make, if the profit
function is given
v VYA e 2
by plx)=41+24x-18x".

— L7 P 2
Solution: Given function is: Profit function p(x) =41+24x—18x

b (1]=24—351 and p"(rj=—36
Now 2 (%) =0
24-36x=10
24 2
==
3 3
T_E
“TZ optix)=-36
At 3 () [Negative]

xX=

Ld |

- _
P1*) has a local maximum value at

L
Il
L | k2

At , Maximum profit
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f2y . 4
41+24) 2 |-18) = |
_ 3/ "9/

=41 +16-8=49

7. Find both the maximum value and minimum value of
3x"—8x +12x" —48x+25 on the interval [0, 3].

4 3 1
Solution: Consider Flx)=3x —8x" +12x —48x+25
f(x)=12x —24x7 +24x—48

on [0, 3]

Now /(=0
12 =245 +24x—48 =0
=2 +2x—4=0

(x=2)(x"+2)=0
x=1 gr x= i«frf

As =52 is imaginary, therefore it is rejected.

hereX=2 s turning point.

ap =2 f(2)=3(16)-8(8) +12(4)-48(2)+25 _ _39

o x=0 F(0)=15

ap X=3 f(3)=3(81)-8(27)+12(9)-48(3)+25=16

Therefore, absolute minimum value is —39 and absolute maximum value is 25.

8. At what points on the interval [0.27] does the function sift 2x attain its maximum

| ! e value?
Solution: Consider f(x)=sin2x

fl:w.J =2coslx
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Putting 77 = 0-1: 2.3
f.;—r; =(-1)° =1
.:34) -
fi::¥j=(—1]1=1
f i:g}(—lf =1

Also F(0)=sin0=0 _\ f(27) =sin47=0
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T s
Flx) o . L= 1 sz- _ _
As attains its maximum value 1 at and Therefore, the required points are
fr fsr N
a2
. —1 Jr and . 4 Jr

9. What is the maximum value of the function sinx+cosx?

Solution: Consider f(x)=sinx+cosx

f'[x] =Cosx—sinxy

Now (%) =0
cosx—sinx=0

—sinx=—Ccosx

T
tan —
tan x=1 4 =
T
X=HT+—
Here 4 is a turning point.
£l AT G [ B
HIT+—|=sin| HT+— |+ Ccos, 1T +—
L 4) L 4) L 4 )

roa)
7| mr+§ =2

If nis even, then J
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."-' :,!3_'\".
flnr+ g )= -2

If n is odd, then

Therefore, maximum value of f(rj is ‘E and minimum value of f(xj is _“‘E'

10.  Find the 2x° =24x+107 maximum value of in the interval [1, 3].

[-3.-1].

Find the maximum value of the same function in

Solution: Consider f(x)=2x" - 24x+107
fl(x)=6x"-24

x=2 x=-=2 - -
or [Turning points]

For Interval [1, 3], ¥*=2 is turning point.

ap *=L f£(1)=2(1)-24(1)+107 =85

A ¥ f(2)=2(8)=24(2)+107=75

ap ¥=3 f(3)=2(27)=24(3)+107 =89

Therefore, maximum value of F(%) i go.

[_3=_1]= x=-2

For Interval ~~ is turning point.

ap ¥="L Fi1)=2(-1)-24(-1)+107 =129
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At x=-2, f(2)=2(-8)-24(-2)+107 =139

x=-3, f(3)=2(-27)-24(-3)+107 =125

At

Therefore, maximum value of f(rj is 139.

11. It is given that at *= & the function * —62aftaistifs maximum value, on the
interval [0, 20]. Find the value of &

A ad,
Solution: Consider f(x)=x —62x"+ax+9

f(x)=4x —124x+a

As, () attains its maximum value at *=1 in the interval [0, 2], therefore f1(1)=0

Fl(1)=4-124+a=0
a-120=0
a=120

. . . o, CF. 0.27|.
12. Find the maximum and minimum value of 5% on [ ]

| = K .
Solution: Consider f(x)=x+sin2x

fl:1:l =1+2cos2x

Now /(=0

1+ 2cos2x=10
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x= i T
T % og|0.27 xX=—
3 [ ] therefore 3

x=29r+£::-2:rﬁ[0=2:r] 3T
3 3

b
x=2r——=
But , therefore 3

Therefore, it is clear that the only turning point ofﬂ:xJ
T2t 4m Sw

[DI'T] are’ 3= 3 i 3‘ ’ 3
closed interval
T
Xx=—
At 3
’f.r \' ) 4 4
f}E':E+5iﬂE:E+£=1_D5+D.ST:1.92
\3) 3 i3 2 (approx.)
2T
x=—
At 3
T : 4;
(2m) 2 47 5 3 0_087-123
L3 ) 3 2
(approx.)
iz
Xx=—
At 3
:f’ 7 ! 47 ¥ T
£l 4;)}:2_T+5iﬂ3_"r=”+§=4x1.05+ 0.87=5.07

(approx.)

WWW.edllgl'OOSS.COI[l

given by **sin 2x which belong to
given
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Sa

x="—
At 3

q\l lq.I' & 5.-'

ST) 37, 0107 5T N3 s i 05 057- 438
\3) 3 3 3 2

(approx.)

pg ¥=0 S(0)=0+sin0=0

At x=217T
F(27)=2m+sind47r=27+0=27=2%314=6.28

(approx.)
Therefore, Maximum value = 27 and Minimum

value = 0.

13. Find two numbers whose sum is 24 and whose product is as large as possible.
Solution: Consider the two numbers be x and y According
to the question, *+¥ =24

And Consider Z is the product of * and -+

Z=xy

z=x(24-x) [From equation (i)]

s=24x—x

E_oy-ae  Li-o
dx

and @&
=0
Now to find turning point, &x
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At T=12, dx [Negative]

x=11 s a point of local maxima and Z is maximum at =12

From equation (i), ¥~ 24-12=12

Therefore, the two required numbers are 12 and 12.

+v =60 and &

14. Find two positive integers x and y such that * ©is maximum.

Solution: Given function is; ¥+ =60.x>0.y>0 (i)

x”

Consider P = [To be maximized] .......... (i)

60—

Putting from equation (i), *~ " in equation (i),

(60—y) 1" =60y" -2

P =

P 180y - 47 =47 (45-y)

@ (iii)
Z o

Now &V

4y [45—1]:[]

v =0,45

P

Itis clear that & changes sign from positive to negative as + increases through 45.

. . = A5
Therefore, P is maximum when 3.

e

- =60-45=15 y=45.
Hence, ' is maximum when ~ 60-45=15 gpq
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15. Find two positive integers x and y such that their sum is 35 and the product Vs a

maximum.

Solution: Given function is: ¥ =33
=35 — v .

y=3-x . (i)

Consider =%

x (35-x) [From equation (i)]
£= i 5[35—'{]4[—1]“:35_‘{]*3.{
Fris
ﬁ:x(35—1]4|:—5x+(35—x)2:|
dx

dz B

—=x(35-x) [-5x+70-2;

= 1[ 'c] [ X ,,:]

dz s _
—=x(35-x) (70-7

-r.'.'{): ‘I"I: YJ I: X:l

7x(35-x) (10-x) =0

x=0 g 35-—x=0 g 10-x=0

x=0 gpx=35 g x=10

Now *=0 js rejected because according to question, * is a positive number.

Also *=353 js rejected because from equation (i), * =35—-35=0, but * is positive.

Therefore, x = 10 is only
the turning point.
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4z _q (35—x) (6x* —120x+350)
& ‘ f
d*z 5
“ L T35 B .
=10 g 7(35-10) (6x100—120 %10+ 350)

=3

Lh

By second derivative test, @ will be maximum at *=10 when ¥=33-10=23

Therefore, the required numbers are 10 and 25.

16. Find two positive integers whose sum is 16 and sum of whose cubes is minimum.

Solution: Consider the two positive numbers are * and -+

x+y=16

y=16-x (I)
Consider Z=X +¥’

z=xX+(16-x)

[From equation (i)]

z=x" +(16) —2F —48x(16-x)

_ (16) —768x+48x"

L o 768+96x @ SZ-06
ax and @x”
i
Now dx =0
768+ 96x=0

x=_
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a°z —0g

At ¥=8 ax is positive.
x=8 js a point of local minima and Z is minimum when =8,

y=16-8=8

Therefore, the required numbers are 8 and 8.

17. A square piece of tin of side 18 cm is to be made into a box without top, by cutting a
square from each corner and folding up the flaps to form the box. What should be the
side of the square to be cut off so that the volume of the box is the maximum possible?

Solution:
Each side of square piece of tin is 18 cm.
Consider x cm be the side of each of the four squares cut off from each corner.
Then dimensions of the open box formed by folding the flaps after cutting off squares are
(18-2x).(18-2x) _ 4o cm

Consider z denotes the volume of the open box.

z=(324+4x" —72x)x

— 4x — T2 ¥324x

Which implies
& 103 148x 4324 SZo2ax 144
ax and &x
az
Now &x =0

12" —144x+324 =0

=x —12x+27=0
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x=9 g x=3
x=9 js rejected because at =9 length = 18—2x=18-2x9=0 which is impossible.
x=3 js the turning point.
42 43144272
At X=3, dx [Negative]

z is minimum at x=3 that is, side of each square to be cut off from each corner for maximum
volume is 3 cm.

18. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by
cutting off square from each corner and folding up the flaps. What should be the side of
the square to be cut off so that the volume of the box is maximum?

Solution: length and breadth of a rectangular sheet is 45 cm and 24 cm respectively.
Consider x cm be the side of each of the four squares cut off from each corner.

Then dimensions of the open box formed by folding the flaps after cutting off squares are
(45-2x).(24-2x)
and x cm.

Consider z denotes the volume of the open box.

z= [45 —21’][24 —Z_TJ x
z =(1080-138x+4x%)x

— 45" —138x* +1080x

& 1264 -276x+1080 L2 -24x-276
ax and &x

=
Now &x =0

12:x'—276x+1080=0

=x =23x+90=0
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I:J:—S]I:_T—IS] =0
.T=5 or _T=18

x=18 js rejected because at *=18 |length = 24— 2x=18 -2x18=-12 which is impossible.
Here x = 5 is the turning point.

&2 24%3-276=-156

At =3, dx [Negative]

z is minimum at X = 5 that is, side of each square to be cut off from each corner for maximum
volume is 5 cm.

19. Show that of all the rectangles inscribed in a given fixed circle, the square has
maximum area.

Solution: Consider PQRS be the rectangle inscribed in a given circle with centre O and radius
a

Consider x and y be the length and breadth of the rectangle, that is, x>0 and y>0
In right angled triangle PQR, using Pythagoras theorem,
PQ? + QR? = PR?

-

x4yt = I:Zc;r]

v o=4a —x"

Consider A be the area of the rectangle, then A = xy = *v4a” —x

dA B 1 — +
—=y4a" —x tx——("2x|=da" —x - ——/———
dx & 12-“'4:::—1’2 (-2x) o ot -

dg =-2x

- gt -
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A = f 5 % I:—E_X'J
; Nda® —x (dx)—(4a” -2 |———
dA _ ) C 2 da —x"
ac (1 —27)

[:4::: —2x ] (—4x) +x[:4a: —2x ]

(407 -2

d°A  -12a’x+12x

B (4g2—2d)

2x(6a* —x*)

_ (38?2

da _,
Now &x
4a* —2x°

da'-x -

dg =2x =0

x=«f§a

A —Z(ﬁaJ [f_ﬁa: —la::] ~ 8.2} L

At = ﬁa fi‘{: B 2‘\‘"’5&’: B 2\5&'3 -
[Negative]

At = Y2a , area of rectangle is maximum.

And from equation (1), ¥ =¥*@ —24 =‘E", that

Therefore, the area of inscribed rectangle is maximum when it is square.
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20. Show that the right circular cylinder of given surface and maximum volume is such
that its height is equal to the diameter of the base.

Solution: Consider x be the radius of the circular base and y be the height of closed right
circular cylinder.

o I SR, P
Formula for Total surface area (S) = =7 7%

, &
+x =—
k= (say)
w=k—x
k—x
;L' =
X Q)
Volume of cylinder (z)=nxy
2 ( JEC - .T: l‘\:
T

. [From equation (i)]

z= ,'-'I.T[::EC— i ] = ?I[:ﬁcr—x’: ]

Z (k-3

dx and
E = ;'3'[:—6_1:) =—6Tx
ax”

Z -9
Now &x
T(k-3x | =0

k d'z I
xX= E _—’: = _EEJ;
At = [Negative]
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x=_l—
Z ijs maximum at 3,

k
From equation (1), \/;

L'y

2 1=
- 3 2x —

Which implies, Height = Diameter

Therefore, the volume of cylinder is maximum when its height is equal to the diameter of its
base.

21. Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic
centimeters, find the dimensions of the can which has the minimum surface area.

Solution: Consider x be the radius of the circular base and y be the height of closed right
circular cylinder.

According to the question, Volume of the cylinder 7 ¥ =100

Total surface area (S) = =% T27x

2 ?I[JJ:L' +x* ]

L1003
im x—5+Xx
- A\ mx / [From equation (1)]

7100
2 T —+x '
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100 2 )
20 —x " +x |
_ T J
a’s :f ].l:“:l \I
_=2;1-:_ X +2x
e LT J and
P :f “‘I
ds_l;rj‘ Il:ll:lx_ Y
T /
B o
Now &
100
241'; ——x T+ 2x =0
I"\. :‘l'_'
7100
;_?x_ +2x|=
@x =2x
T
5_100_30
Tt
1
5073
7
7 ™
@s o 2000
50 @2 | 430
it " TJ
At T} .
i
= 27(442) 127 - [positive]

S is minimum when

. 1
(3073
Lo 300

. |
radius .T) em
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From equation (1)

100

y= 3
(5073
x _l
LT

22. A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into
a square and the other into a circle. What should be the length of the two pieces so that
the combined area of the square and the circle is minimum?

Solution: Consider x meters be the side of square and y meters be the radius of the circle.
Length of the wire = Perimeter of square + Circumference of circle

41"‘"2"1'.-} - 28

(14-2xY
: 2 Tus # ;i |
Combined area (A) = ¥ T S +
4. A
X +— /-
_x+—(7-%)
ﬂzh—ﬁ(?—lj
ax T and
di‘f‘zhﬁ
dx’ T
dA
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2mx=56—8x

(27+8)x=56
36 28
xr= =
27+8 m+4
And ax T [Positive]

28
=

A is minimum when T+4

28
dx=
Therefore, the wire should be cut at a distance T+4 from one end.

23. Prove that the volume of the largest cone that can be inscribed in a sphere of radius
g

Ris 27 of the volume of the sphere.

Solution: Consider O be the centre and R be the radius of the given sphere, BM = x and AM
=Yy

PN

In right angled triangle OMB,

OM? + BM? = OB? using
Pythagoras theorem

[}'—R]: +x' =R*?
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v +R*—2Ry+x' =R?

v =2Ry+x =0

Volume of a cone inscribed in the given sphere

1 al 1 i o
zl==mx'yv —m|2Rv—-1" v
@=indy la(me-r)y
z—EfIR}' -7

3 2)
ﬁZ—[ﬁR}'—EL“] ﬂ=£[4R—5}')
dx 3¢ " and x

&= _,

Now &x
Z(4Ry-337) =0
3 L A
4Ry -317=0
3y - =4Ry
4R
y=—
3
: : :" !
R @z _Zljpoeltt
At 3 d¢ 34 3 )
Z(4R —8R)
=3
—R
= 3 [Negative]
4R

y=—
Z is maximum at 3
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Substitute the value of y in equation (1), we get

4R [4RY' SR' 16R’

30 3) 3 9

+ =2R.

Therefore, Maximum volume of the cone

1 , 1 8R*4R 8 4 _.
—TxXV=—1T. —=—_—7E
=3 39 3 273

| oo

I
(]

7 (Volume of the sphere)

24. Show that the right circular cone of least curve surface and given volume has an

altitude equal to 2 time the radius of the base.

Solution: Consider x be the radius and y be the height of the cone.

L
Volume of the cone (V) = 3

And Surface area of the cone (S) = TN* T17

S=relxtyl=s 0@
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d’z 6mrk

o 2
Y ()
[Positive]

1
. .. v = E}TC H]
Z is minimum when - ( )

Again, From equation (1), (
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d (2P
2 2k l - 2 _?
= 2(2k)3 [From equation (3)]
vo=1x

v=+2x

Therefore, Surface area is minimum when height = 2 (radius of base)

25. Show that the semi-vertical angle of the cone of the maximum value and of given
slant height is tan~ /2.

Solution: Consider x be the radius, y be the height, | be the slant height of given cone and ¢
be the semi-vertical angle of cone.

F: :_T:+.:L':
x ==y (1)

14,
Formula for Volume of the cone (V) =3 .......... (2)

1 }‘I[:li':—}'::]}'

Lid |

V =

I s .
R
= 3[ l T

-ﬂnik'r
ﬂi'l.'

=Z(P-3?)
3 ~ and

. -
Z(1r=33%)=0
7 (7 =3%")
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I* =31 =0

= *ﬁ [Negative]

[
V=—
V is maximum at \E

P
From equation (1), 3 3
[
x=+2—=
N
tan 8 = =

Semi-vertical angle, Y

Which implies, €=tan™ 2

26. Show that the semi-vertical angle of the right circular cone of given surface area and

. -1" 1 1:
sin | 5 |-
maximum volume is '3,

Solution: Consider x be the radius and y be the height of the cone and semi-vertical angle be

g.

WWW.edllgl'OOSS.COI[l

And, Total Surface area of cone (S) = "ﬁﬁ + Tx
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x4+ pt 4 =§ =k

T (say)
xafd + v = k—x
(47 = (k= )
vk +xt - 20

x v =k -2

l:—'rx:}'
Volume of cone (V) = 3

1 [ B
37 o |
37\ 3 2k

1 7 f 1 -“'.

—_ 4

_3 2k

NV _1 ad v

a3 v 42k
1L (¥ +2k)1-p2
k,[ J

3 A +20)
= o g [Using quotient rule]

av_1 . (3%=r)

=—

=

@ 37y +2K)
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2k—1'=0
vi=2k

_}'=iﬁ

y=~2k [height can’t be negative]

dv
— =0 | ,
As, @ | therefore, Volume is maximum at ¥ =2k
o= K _ i _k
From equation (1), k+2k 4k 4
Vi
= —
2
sinf = ——
Now Semi-vertical angle of the cone Ty
Ji
2k 41
"2 Yok 3
E+2,?c
4
Which implies
g :5in'11

Choose the correct answer in the Exercises 27 to 29.

27. The point on the curve ¥ =2 which is nearest to the point (0, 5) is:

(A) (2v2,2) (B) (2v2,0) (C)(0,0) (D)(2,2)
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Solution:
Option (A) is correct.

Explanation:

Equation of the curve is * =2¥ ... (1)
Consider P(X, y) be any point on the curve (1), then according to question,

J(e=2)" +(=5)

Distance between given point (0, 5) and P = =< (say)

—, z =l’2+(_}'—5):

2}-4_[:}'—5]‘ [From equation (1)]

— zi=2y+y 42510y

‘=11 -8y +25
T T =z sy

Z

L _gy-g L2
= ay and ay

=2

[Positive]
" Z is minimum and Z is minimum at ¥ =7
From equation (1), we have * =8

— x=+2.2
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(22.4) (-242.4) | |
' “and * are two points on curve (1) which are nearest to (0, 5).

1—x+x°

28. For all real values of x, the minimum value of 1+x+x js:

(A)O B)1 © )3 (D) 1/3
Solution: Option (D) is correct.

Explanation:

Given function is:

1—x+x°
e e
I+x+x™ L @
, o d o od .
[1+x+x ’]a[‘l—x+x J—(1-x+x ’]£[~1+x+x ]
fll:sz ; 3
s, [~1+x+x‘f]
. (1+ 2+ (=14 2x) —(1—x+x" )(1+2x)
f I:szx - - ;
s, [1+x+x"
, A+2x—x+2x - 42 1L 2+ 2 - -2
f':sz ; LB
. (1+x+x"
, 2+2¢ 1=
F(x)=- 3 o 7.3
— [1+x+x" ) [1+xt2)
Now /() =0
-2(1-x")
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= x=1I1

- *=land *==1 [Tyrning points]
At x=-1,
from equation (1),

L+l

F =05

At x=1,
from equation (1),

f(1)

C1-1+1 1
1+1+1 3 [Minimum value]

[x(x—1]+1:|¥=0 =x=1

29. The maximum value of is:
1%

A -3/ (B) 1/2 ©) 1 (D) 1/3

Solution:

Option (C) is correct.
Explanation:

L
Consider £(x) :[x(x_lj +1:|:

1
(' —x+1] §cypeg

JUsxsl o (i) =

1. - 2od . .
Nx)l==|x —x+1)F —|x —x+1]
P =2 (e )F L e
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1
2 is a turning point and it belongs to the given enclosed interval 9=x =1 that is, [0,

==
At 2, from equation (i),

1 1 1
VBO1-2+44 3
JUT ) 7

LS

f:f 1 (1
\2)7a

1
2

At *=0- from equation (i),
!
£(0)=(1)F =1
At =1 from equation (i),
1

F(1)=(1-141F=(1)721

-~ Maximum value of f(x) is 1.
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Miscellaneous Exercise Page No: 242

1. Using differentials, find the approximate value of each of the

(17\% following:
\81)
[:33j_}§ (@)
1
(173 (b)
Solution: (a) ° SU
1
'L:.'Ji’.'1
Consider ... (1)
@y_ 1
o 41’%'
dv = ax .
= !.-" l"\-.l:
4|
I\ _}'I
I_.lx
I lw.l.:
4) < |
N 2)
Changing * to *HAC gnd Y to YA equation (1), we have
17 “al 1 "al
;L'+.-j.;|,-:|:x+,-1l.,xji = E - if
\81) '31 8L (3)
15 1
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From equation (3),

1
F17\3 1
,'EJ =y+Ay~y+dp~xt+ 5
|81 (1Y
4| x|
oo
1 1
7% 2 71
\81) 37 (2
\3)
21 27
B g
~ 3 81 32
2 1 65
~ 39 9% 0677
-1
(33)%
-
v=x°
(b)
Consider ... (1)
dv -1
dx ix%
dy = _‘i"‘
b i lﬁ.lh
5 %%
i"\. _,n'l
—Ax
!.-" 1\5
sl 5 |
= S (2)

Changing ~ to

X+Ax gnd ¥ to ¥ TA

www.edugrooss.com

in equation (1), we have
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-1 -1 -1
y+Ay=(x+Ax)T =(33)F =(32+1)F

....... (3)
Here ¥=32 and Av=1
-t -1
S =(32)5 ==
x —I:?r..] 5
From equation (3),
! Z Ax
(33)F =y+ Ay ~y+ dv~x7 +— ~F
5/ |
N
-1
(33)F ~2-—
= - S(ZJ
1 1.1 1 1 _159_
~ 2 5 64 ~ 2 320 320 (g7
_logx
2. Show that the function given by * has maximum value at x = e.
f[x]:mgx=x:-[l
Solution: Here N U . (1)
1
x.——logx1 1-1
fllx)=Eg—=—T755
x X (2)

-

=10
" x‘!.\?j (1 lﬂnglx —x—2x+2xlogx
f (xj: 7 = 7
And x x

2xlog x—3x
- = —

. x|2log x—3) 2logx-3
fr(x)= I: 7 jz

Which implies, x o (3)
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Now /(%) =0
1—1|:|:g_ﬁ::[j

.
1-logx=0
log x=1
log x=loge
x=e

From equation (3),

_ 2loge—3 2-3 -1

frlx) == el

= = =

www.edugl'ooss.com

<0

Point of local maxima and maximum value of f(x) at x =e.

3. The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate
of 3 cm per second. How fast is the area decreasing when the two equal sides are equal

to the base?

Solution: Consider BC = b be the fixed base and

AB = AC = x be the two sides of isosceles triangle.

dx
Since 4t cm/s

Area of triangle = 1/2 x BC x AM

ko | o

P
l —_——
4
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b d| ——\ dx
LR N FEEE P
&

=4 ax' /&t [By chain rule]

Now, when x = b.

dA -3bh =—3.53=_\Eb
dr Jwiop W3

Therefore, the area is decreasing at the rate of NEL cm?/s.

cm?/s

4. Find the equation of the normal to the curve x? = 4y at the point (1, 2).

Solution: Equation of the curve is x> =4y .......... (1)
Differentiate w.r.t. X,

2x = 4 dy/dx

@v_x
= dx 2= m (say)

Slope of the normal to the curve at (1, 2) is -1/m = -2/x
Equation of the normal to the curve (1) at (1, 2) is x +
y=3

5. Show that the normal at any point £ to the curve
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x=acosG+absinb, y=asin§-abcosd is at a constant distance from the origin.

Solution: The parametric equations of the curve are
x=acosf+afsiné, v=asin §+afcosf

_T=c1(cas E+€sin€]=}'=a(sin E—Ecus:ﬁ'j

ﬁza[—sin &+ & cos 5‘+sin|§']:a§c05€
d8
av . . .
;=a[c059—(—§51n &+ cos S):I=a[c05 &+ &sin 5‘—1:058]:::551119
And d¢

Slope of tangent at point (x.5)

& dv/de  afsing

— == =tan &
= dx dx/df afcosf

Slope of normal at any point ¢

__lz—cgt.f.i':—cusg

= tan & sin &

And Equation of normal at any point €, that is, at (x.v)

_[a[c05§+§5in Ef‘jﬂ[:sin E—Scosﬁ')]

v—a(siné—Fcosf) = _FDSE

is sin &

[x—c;r[:cus &+ &sin EJ:I

vsin & —asin® 6 +abcosfsin 8 = —xcosf+acos” §+absin Hcosf
xcosf+ ysin @ :cJ[:ﬁiﬂJ £+ cos’ -?]
xcos@+vsind=a
xcos&@+ysinf—a=0
Distance of normal from origin (0, 0)

0+0-4

=g
— \cos® B +sin’ 6 which is a constant.
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6. Find the intervals in which the function f given by

dsinxy—2x—xcosx

f(x)

2+cosx is
(i) increasing (ii) decreasing.

Solution: Given function is:
dsinx—2x—xcosx
flx)=

2+cosx

dsin x— x[l +cos xj

= 2+cosx

dsinx x(2+cosx)

= 2+cosx 2+cosx

dsin x

= 2+cosx

On deifferentiating:

2+cosx i dsinx —451'ﬂx£ 2+cosx
dx

| _ & B
F(=)= I:2+c05:x‘:): 1
on (2+cosx)(4cos x) —4sin x(—sinx) 3
4 (Ij - (2 +c05x]: :

Scos x¥4cos” x+dsin’ x

1:2+ u:ﬂﬁx]

=

Which implies,

'[x _ Scosx+4 B

——1
[2+cosx]‘
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-

Bcos x+4 —(2 +cos J.)

I:E +cos r]:

Scos x+4——4 —cos’ x—4dcosx

=

|:2+CDSJJ

deosx—cos  x

Ji(x
I: :I (2+c051]

2+ cos .TJ: >0

Now 4—cos x>0 for all real x as ~15cosx=1_Also |

0] f(x) is increasing if f(x)z0 , that is, from equation (1), cosx=0

T
D= x=<—
x lies in I and IV quadrants, that is, f(X) is increasing for 2
3T v
and 4
: L f(x)=0 . . <0
and (2) f(x) is decreasing if , that is, from equation (1), cosx=
I _ 3T
—=x=
2 2

= x lies in'Il and Ill quadrants, that is, £(x) i decreasing for
b 1’]=1’3+—3=1’;&U
x is

7. Find the intervals in which the function & given by

(i) increasing (ii) decreasing.

Solution:

(i)
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f[:x]=x’:+i_= x=0
x
f(xj=x +x°
2 if 2 17
f(x)=3x" -3x :3|1T —?J
3E::n:f—lw".

14[§x4+x: +1)(x+1)(x—-1)
et ,

Now /(%) =0
_ %[:x4+x: +1:]I:x+1JI:x—1] o

— 3[:354 +x° +1:]|:x+1]|:x—lj —o

3[::{4 +x0 +1)

Here, !is positive for all real * =

x+1=0 g x—-1=0 [Turning points]

A — —o_ —1}.-11 lLx
Therefore, x==1 or x=1 divide the real line into three sub intervals ( ’ j( ’ j and ( )

For (=== , from equation (1) at *=—2 (say),
()= (F=)=)=(+)

Therefore, 7 (x) is increasing at *="1

r=

[ =

For (_UJ:from equation (1) at

f(x) =+ =(-)

(say)



WWW.Cdllgl‘OOSS.C()m

EDUGROSS

WISDOMISING KNOWLEDGE

Therefore, 7 (%) s decreasing at *= -1

For (:%)- from equation (1) at *=2 (say),

(2 =(+)(+)(+)=(+)

Therefore, £ (x) is increasing at *=1

Therefore, £(x) is (1) an increasing function for ¥ =—1 and for *21 and (2) decreasing
—l=x=1. function
for
SR
8. Find the maximum area of an isosceles triangle inscribed in the ellipse @~ b with

its vertex at one end of the major axis.

Solution: Equation of the ellipse is

P(a cosB, b sing)

o // \MNA
acosg

QfacosB H sinB)

=1

Comparing equation (1) with %5 #F5in" =L\ haye
o cosé& clp sin &
a and &

or r=gcosd and v=hsin#

Any point on ellipse is PI:‘I':USS“E’Slﬂ 0)-

Draw PM perpendicular to x-axis and produce it to meet the ellipse in the point Q.
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OM = acosé gnd PM = bsiné

We know that the ellipse (1) is symmetrical about x-axis, therefore, PM

= QM and So triangle APQ is isosceles.

Area of AAPQ (z) = 1/2 x Base x Height

1
= 2 PQ.AM =
2PM.AM = PM (OA — OM)

[ ]

— Z =E:5in€(a—acns€j

_ab (ﬁin & —sin & cos 5‘]

ab . .
z =—[251ﬂ8—251ﬂ5‘cc+58:|
= 2

"_f(zsina—sin 26

= -

N %=d—f[2c059—2c05 29]

_ ab(cuﬁﬁ'—mﬁ 25‘)

£ 2 _ ab(-sin+2sin26)
= 46’

a _
Now €&
:}ab[msﬁ—cmlﬁj -0

= cosf—cos 28 =10

= cos& =cos 28

— Cost = CDE(?I-'SUD— 25‘]
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= §=20 o 6=360°-26
= #=120°

#=0 is impossible

L @=120°
d'z . . . .
g=120° F=ab[—5m120 +2sin 240°)
At ¢ =10
ab?i—j"‘r _B“J'r
2

= - - + [Negative]
" Z js maximum at £ =120°

-~ From equation (1), Maximum area

"__f’ (25in120°— sin 240°)

ab[ 23 5

—| + l
2172 2

{Ib -.3'\5\' 3 3

17 X

— \ / 4 —
. y

Www.edugl'ooss.com

9. Atank with rectangular base and rectangular sides, open at the top is to be constructed
so that its depth is 2 m and volume is 8 m3. If building of tank costs Rs. 70 per sq. meter
for the base and Rs. 45 per square meter for sides. What is the cost of least expensive

tank?

Solution:
Depth of tank =2 m

Consider x m be the length and y m be the breadth of the base of the tank.

Volume of tank = 8 cubic meters

xy2=8
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4

+

Cost of building the base of the tank at the rate of Rs. 70
per sg. meter is 70 xy.

:_L':

And cost of building the four walls of the tank at the rate of Rs. 45 per sq. meter is
45 I:_T.2+ x24+v2 +_:L'.2:I
_ (180x+180y)

Consider z be the total cost of building the tank.

z=T0xy+180x+180y

; 77 7 A
% _or1g0-2 Lz M0
Lo x and ox” X

= 180x* =720

= *=2 ILength cannot be negative]

At =1,

d__f 1830 1eq
dx § [Positive]

. . .. - — T
- Z js minimum at *= =«
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Minimum cost

720
280+180x2+ 5

=280 + 360 + 360 = Rs. 1000

10. The sum of the perimeter of a circle and square is k, where k is some constant. Prove
that the sum of their areas is least when the side of square is double the radius of the
circle.

Solution: Consider x be the radius of the circle and y be the side of square.
According to question, Perimeter of circle + Perimeter of square = k

_2me+dv=k

— 4y=k-2mx

Consider z be the sum of areas of circle and square.

- Z=Ix +y

(k-2mx)’
16

z=mx +
[From equation (1)]

, _16mc +i + 4 — 4o
= 16

_ %[[:lﬁrr+4rf“jjf —Hemx+ |

@ =i[['15fr+4ff‘] 2x—4kr |
de latb" ! and

2z _1 (16x+412)2
& 16" :
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i[[’15;r+4,~r“] 2x—4ker | =0
= 16-" :

_ (167+47% )2x—4k7 =0
— 4m(4+7)2x=4k7

4k k

. Ax(4+7)2 2(4+7)

k 2 ) .
=md—f=i[lﬁx+4r]l N
At TV T AT 16 [Positive]
k
=
2(4+m1)

~ Z is minimum when
-~ From equation (1),

1':1 JE:—Z;IL
“ 7 204+ 1)

17 Tk
ll A
_ 40 4+

1
4 4+

_k[4+:r]—?rﬁc}

_4Jc+:rfc—rrk
— ° 4(4+7)

2[4+:—'r] 2x —

Therefore, sum of areas is minimum when side of the square is double the radius of the circle.
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11. A window is in the form of a rectangle surmounted by a semicircular opening. The
total perimeter of the window is 10 m. Find the dimensions of the window to admit
maximum light through the whole opening.

Solution: Consider x m be the radius of the semi-circular opening. Then one side of rectangle
part of window is 2x and y m be the other side.

A x 0O x B
y y
D 2x C

Perimeter of window = Semi-circular arc AB + Length (AD + DC + BC)

1

_ ;(2:{1’]+}'+21’+}'le

= Tx+2x+2y =10

= 2v=10—mx—2x

Area of window (z) = Area of semi-circle + Area of rectangle

l [ T |+ 2xy
=2 :

1 [ID—[E+2]:{:|

z= % Tx +2x
— i

) %[mﬂ +20x=2(7+2)x |

~ z =%[:—'le +20x—21x —41’:]
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~[—mx' =427 +20x]

[ -]

& l[—z:rx—sx+ 20]
2

dx and

dz _1
& 2 Y (e

dz

0
Now &x

l[—::rx—gx+ 20]=0
2

U

= —2ax—8x+20=0

— 2x(7T+4)=-20

10
X=—
= T+4
NN U N
At T4 ax [Negative]

10

Xx=—
"~ Z ijs maximum at T+4

From equation (1),
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10( 7+4)-10( 7+2)
2(T+4)

_107+10-107-20

- 2(7+4)
20 10

= 2[T+4) T+4 = m
R 20 10
2X= yV=—

Therefore, Length of rectangle = T+4 m and Width of rectangle = T+4 m

e 10
And Radius of semi-circle = T+4 m

12. A point on the hypotenuse of a triangle is at distances a and b from the sides of the

(¥ +5% |7
triangle. Show that the maximum length of the hypotenuse is
Solution: Consider a right triangle ABC.
P be a point on the hypotenuse AC such that — AB=aand PM— PL BC =band
— =cos ecHd
Consider £BAC = £ MPC = &, then in right AALP. pL angled
C
M B P
a
3 L A

From triangle, AP =
PL cose ¢ = a cose ¢
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— =secl

And in right angled & PMC, PM

= PM = PMsect =bsectd

Consider AC = z, then

acosectf+bsecF 0 «f -{E

z=AP+PC= 2 (1)

—=—gcosectFcot §+ bsec Ftan &

deg

& —
Now €&

= —gcosecfcotf+bsecFtanF =10

bsinf acos@
= cos 8 sin @

sin” &

a
= bsin"@=gcos § = E cos &

g _tan’g
= b
L
tand= 21
= \&)
.......... (2)
G!r:Z { P el
F=a[cuﬁecﬁ[—cnﬁec S]+c0t€[—c05€c€cot€]:|+b[5&4:55&4: & +tan Fsec £ tan S:I
And @&” ‘ "
d’z ’ : 14 L3 1.
_ F:a[msec 6+ cosecfcot” & |+b(sec” f+secHtan” 6|
d—"i::-ﬂ 0.5 >0 PP
= d¢ (472> and € is +ve as 2)

z is minimum
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1
13
tﬂnEa'—l )
when
s \IE E?'E-FHE
5 ) a |l
5&c‘9=l+tan‘§=l+! —J :
|_\- 5: —
1
2 M3
| b +a° r
sec @ = - /
= b3
; . (b3
cosec‘€:1+c0t‘€:l+; — |
Also wa
a’ +b7
= -ﬂ'_:
1
B!
a’ +b%
cosecd == - /
= a§

1 1
(2 233 A
| @ +b° | b* +a’

i _;‘l _.-"
a-— ——+bh—s
Minimum length of hypotenuse = a b*
1
AT Y
at+bh | @i +bht |

=\ J A J
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13. Find the points at which the function f given by f(x)=(x-2) (x+1) has:

(i) local maxima
(i) local minima (iii) point of inflexion. Solution:

F=(=2 () 1)
P =) ) e (2 ) (el

-

(x=2)" (x+1) +4(x=2)7 (x+1)

¥ 7
d —. f'lx)=0
Now, for values of x close to 7 and to the left of 7
2 2
- —.fx)=0
Also for values of x close to / and to the right of / .
2
."n"::
Therefore, " is the point of local maxima.

T A ) e
Now, for values of x close to 2 and to the left of = f [J‘J D. Also for values of x close to 2

and to the right of 2.5'(x)>0
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Therefore, x = 2 is the point of local minima.

Now as the values of x varies through -1, f(x) does not change its sign. Therefore, x = -1 is the
point of inflexion.

14. Find the absolute maximum and minimum values of the function f given by
f(.rj =cos” x+sin X, .'I{E[D=}'I].
Solution:

f(.r] =cos” x+sin XXE |:Il ?r] 1)

, P
b (1] =2lcosx—cosx+cosxy
ax

cos Jr(—ZEin .T+1] 3

— —2cosxsinx+cosx
ow 7 ()¢
—, COS J:I:—Zsin .T+1:| -0

= cosx=10 or —2sinx+1=10

_I:_,'-'I
= " 2 or $sinx=1
. 1
SMx=—
2
T
x=—
Here 6 is a turning point
| =cos” —+5in —
Now \2) 2
=0+1=1
AN (B 1 315
fl = =cos" —+sin—=| — | +—=—+—=—
.6 6 | 2) 2 4 2 4

f(0]=cus‘ 0+sin El=1 +0=1



Www.edugl'ooss.com

EDUGROSS

WISDOMISING KNOWLEDGE

f[:"?::l =cos’ T+sin ?3':[:—1]: +0 _ 1

Therefore, absolute maximum is 5/4 and absolute minimum is 1.

15. Show that the altitude of the right circular cone of maximum volume that can be
4r
inscribed in a sphere of radius ris 3 -

Solution: Consider x be the radius of base of cone and y be the height of the cone inscribed in
a sphere of radius r.

R

OD=AD-AO=y-r

In right angled triangle OBD,

OD? + BD? = OB?
— (}'—rj: +x =

= V4 —2rtx =

.......... (1)
‘ 1, .
zAxy a2y )y
Volume of cone (V) = 3 3 ‘ = [From equation (1)]
2t -»%)

N Z(a-7)  LL-Z(ar-6y)
= a 3 and @

A

ﬂ:LI
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Z(4-37)=0
=3 :
-

4}‘—3}'] =0

= 4r-3v=0

= 3 [Negative]

y=—
Volume is maximum at 3

16. Consider f be a function defined on [a.3] such that 7 =% for all

www.edugl'ooss.com

prove that f is an increasing function on (a, b).

Solution: Consider | be the interval (a, b)

Given: ¥ (>0 tor all x in ‘an intervaly. Consider %+ € | with % <% By

Lagrange’s Mean Value Theorem, we have,

f(x)-f(x) = £(<).

XX where =€ -

Also, f [1] =0 for all * in an interval |

X E (c:i:j

“Then
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— fllc)=0
~- From equation (1), f(x)=7(x)>0

= fl(x)<f(x)
Thus, for every pair of points -2 = | with
= fl(x)<f(x)

Therefore, f(x) is strictly increasing in I.

Www.edugl'ooss.com

17. Show that the height of the cylinder of maximum volume that can be inscribed in a

R

sphere of radius R is \ﬁ Also find the maximum volume.

Solution: Consider x be the radius and y be the height of the cylinder inscribed in a sphere

having centre ” O” and radius “R”, for ':

X EI:J.'::-UJ
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2R &V 3z [2R)

Tt 25

At

- —7RAB [Negative]
2R
1V =—

V is maximum at , *ﬁ

From equation (3),
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| e
I.r.'l‘r':d

B
| I

=

A,
S8
-l-n|I —

Maximum value of cylinder =

. 2R 1
-]

N

47R?

= 33

18. Show that the height of the cylinder of greatest volume which can be inscribed in a
o
right circular cone of height h and having semi-vertical angle is one-third that of the cone
— Th” tan” o
and the greatest volume of the cylinder is 27

Solution: Consider r be the radius of the right circular cone of height h. Say
x be the radius of the inscribed cylinder with height y.

=0

PQ AP
In similar triangles APQ and ARC, RC AR

= hx=rh-—ry

— rv=rh—hx=h(r-x)

k
_ =2

Volume of cylinder (V) = 5% ... (2)
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Th
—

(2rx=3x") =0

= 2c—3x'=0

= Ir—3x=0
2y
r=—
=
2 AV mh({, 127
x= -3:_'2r__J
At 3 Qfl. LN 3
) =2k
= r [Negative]
2r
x—_
V is maximum at 3

From equation (3),

Maximum value of

pm{ 47 SH}
e e ——
cylinder = g >

Th (4 8
_}-" —_———
_r |9 27
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4 2
E:rk[htana]

4 . r
— Thitan ¢ | =tand
27 h

Choose the correct answer in the Exercises 19 to 24:

19. A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic
meter per hour. Then the depth of wheat is increasing at the rate of:

(A) 1 m/h () 0.1 m/h (C) 1.1 m/h (D) 0.5 m/h

Solution:
Option (A) is correct.

Explanation:

Consider y be the depth of the wheat in the cylindrical tank whose radius is 10 m at time t.
V = Volume of wheat in cylindrical tank at time t,

t=m(10)" y=1001y

So, cubic meter

av
We are given that @f = 314 cubic meter /hr

2 1007y =314
So, at
1007y =314

100(3.14)p =314
Therefore, y =1 m/h

c=p? - =27 -2 -4
20. The slope of the tangent to the curve X3S, y=20 223 at the point (2, -1) is:
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[
'I| [ B
1

o |
ﬂ|$

(A) (B) ' (©) (D)

Solution:
Option (B) is correct.

Explanation:

Equation of the curves are ¥=2 +3t=8 __ ({)and Y=~ =3 (2)

ax

ai and
ﬂiL'

—=4r-2

ot

Slope of the tangent to the given curve at point (x, y) is

dv _dvide 4r-1
(x¥) & a@xiar 243 = __(3)

2.-1)., += B
At the given point (271). x=2 gpg ¥=-1

At ¥=2 from equation (1), 2=2"+3~8

F+3r-10=0
(£+5)(¢=2)=0
r=—351=2

At ¥="1 from equation (2), —1=2¢ —2:-5
268 —2t—4=0

£ —f=2=0
(t-2)(¢+1)=0

r=2r=-1

Here, common value of tin the two sets of values is 2.

Again, from equation (3),
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Y _ 17 =
Slope of the tangent to the given curve at point IZ"= 1) "(")"'3 7

21. The line ¥ ="**1 5 a tangent to the curve ¥ =** if the value of m is:
(A) 1 (B) 2 (C) 3 (D) %
Solution:
Option (A) is correct.
Explanation:
Equation of the curve is ¥~ =*% ... (1)
2_}'$ =41
dv 2
dc y
Slope of the tangent to the given curve at point (22)
a2
_dx
2
—=m
N
2
V=—
Mo, 2)
Now ¥ = nox+1
2
—=nx+l
i
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2—m
=
moo (3)
4 42-m)
Putting the values of x and y in equation (1), m’
2-m=1 _sm=l1
22. The normal at the point (1, 1) on the curve =¥ ¥ =3 js:
x+y+1=0 (©) x—y=1
(D)
Solution:

Option (B) is correct.
Explanation:

Equation of the given curve is =¥ 7% =3 (1)

m'
2= +2x=0
ax

d'l.'
—=—-x=-1=m
@x (say)
A_-
Slope of the normal = ™ -1
Equation of the normal at (1, 1) is y=1=1(x-1)
y—1=x-1
Xx—y= |:|

23. The normal to the curve * =*¥ passing through (1, 2) is:
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x+y=3 (A) x—y=3
x+v=1 (B) x—1v=1
(©)
(D)
Solution:

Option (A) is correct.
Explanation:

Equation of the curve is © =3¥ ... (1)

ﬂll.'

Ix=4—

v
ax

Slope of the normal at (x, y) is

dx —2
avox (2)
y—2
Again slope of normal at given point (1, 2) = *—1 ... . (3)
—2Xpv—2

From equation (2) and (3), we have * x—1

—2x+2=xy—2x

., 8
X =—
From equation (1), x

v =8

x=2
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I
|
I-.?'| b
I
|
AN

Now, at point (2, 1), slope of the normal from equation (2) = X

—1=—-1(x-2
Equation of the normal is ¥ ™1~ 1(x-2)
y—l=—x+2
or ."n"+:_L' =3
Q:_L': =.'|i'3

24. The points on the curve
intercepts with axes are:

- where the normal to the curve make equal

I
i 1
i

.II 4=_

(B) -

4.

(A)

ed | o
f T
i oo
f ;

.II :'\.‘_" T S __.ll :'\.‘__" ) S __.j

Solution:
Option (A) is correct.

Explanation:

Equation of the curve is 2 =% ..., (1)

18, & 3.2
ax

dv 3x°  x

cﬁ’_E}'_ﬁy

Slope of the tangent to curve (1) at any point(x, y) is

—6y

Slope of the normal = negative reciprocal = *~

=1
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As we know that, slopes of lines with equal intercepts on the axes are *1]

So, —6y = +x’

if, ~63=x"

1T =

-8
From equation (1) and (2), we have x=4and =~ 3

y<
From equation (1) and (2), we have x = 4 and 3
Y
; 4=i§ [
Required points are - 3)



